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Mathematical education 


and the scientific revolution’ 


STEWART SCOTT CAIRNS, University of Illinois, Urbana, Illinois. 
An appreciation of mathematics is a cultural necessity 
and command of its techniques a practical occupational need. 


EARLY IN THE nineteenth century, west- 
ern civilization underwent changes of so 
drastic and rapid a nature that they have 
gone into history as the Industrial Revo- 
lution. Now, in the mid-twentieth century, 
we are living through a period which, if we 
emerge with flying colors, may well be 
christened the Scientific Revolution. Grad- 
ually, for generations, through theoretical 
advances so specialized and fundamental 
as hardly to impinge on the public intelli- 
gence, mankind has been preparing for an 
age of science. It is unlikely that the crea- 
tive geniuses who paved the way could 
have foreseen, with all their imaginative 
powers, our present eruption into an age of 
nuclear energy, electronic brains, and 
sallies into outer space. 

In its triple role as a tool, a language, 
and a mode of thought, the basic science of 
mathematics inevitably underlies and em- 
bodies the great work of Galileo, Newton, 
Einstein, and all the others who have led 
us, willy-nilly, to our contemporary level 
of scientific attainment. In our day, as 
never before, we have reached a stage 
where an appreciation of mathematics is a 
cultural necessity, and where a command 
of some of its techniques is, for an increas- 
ing proportion of the population, a practi- 
al occupational need. Culturally, the 
study of mathematics not only helps us 


* This article was stimulated by the author’s par- 
ticipation in the Basic Curriculum Study of the 
Council for Basic Education. 


appreciate a small part of our science- 
dominated world but also, if well-planned 
and executed, affords some insight into a 
magnificent and rapidly expanding crea- 
tion of the human spirit. On the practical 
side, it is common knowledge that busi- 
ness, industry, governmental activities, 
the social sciences, and the natural sciences 
make growing demands on the mathe- 
matical equipment of technicians, engi- 
neers, and scientists. One phenomenon 
associated with contemporary society is 
the sharply dwindling market for unskilled 
labor and the consequently enhanced 
value of scientific and technical education. 

Mathematics was and is derived by suc- 
cessive abstractions from the world of ex- 
perience. Mathematical discovery is not 
guided by logic but by something which, 
for want of a better name, we call intui- 
tion. The role of logic is to verify, or some- 
times to disprove, and to refine the con- 
jectures based on intuition, but not to 
lead a mathematician to major new dis- 
coveries. A rigorous logical basis for the 
number system is less than a century old, 
but mathematicians had successfully 
worked with that system long before it had 
a satisfactory foundation. Such facts raise 
the question of the relative emphasis 
which should, in the secondary schools, be 
placed on (1) presenting a finished logical 
product to the students, and (2) guiding 
them along the fascinating paths leading 
from the world of things and events to the 
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abstractions of mathematics. Experience 
will help to resolve this question and to 
assess the merits of presenting certain 
levels of abstraction and degrees of logical 
rigor to students at various stages in their 
education. 

New developments, both in mathemat- 
ies and in the sciences dependent on 
mathematics, are slow to find their way 
into teaching. In our vast school system, 
there are inertial forces which dampen 
pedagogical progress into a tedious evolu- 
tionary development, far too slow to cope 
with the educational crisis accompanying 
the scientific revolution. Informed critics 
have often remarked that, with rare ex- 
ceptions, we are teaching in our schools 
the mathematics of past centuries, paying 
no attention to modern developments, al- 
though few would contend that antiquity 
is a sufficient reason either to discard or to 
cherish any part of a curriculum. We pro- 
pose, in this essay, to consider the study of 
mathematics without much regard to the 
relative novelty of different parts of the 
subject. We note, however, that some of 
the results of modern research are clearly 
relevant to the question of what should 
be taught in the schools. The critics 
quoted above are therefore justified in 
citing the exclusively antiquated subject 
matter in most of our classrooms as evi- 
dence of stagnation. 

Among the modern phenomena which 
call for a re-examination of mathematical 
education are (1) new concepts and meth- 
ods in pure mathematics, which can be 
used to promote an improved understand- 
ing and appreciation of the subject in the 
schools; (2) scientific and technological 
developments enhancing both the voca- 
tional and the cultural importance of the 
subject; (3) the widespread and expanding 
use of high-speed computers; (4) the 
steadily increasing utilization of mathe- 
matics in business, industry, and the so- 
cial sciences, where the diversity of mathe- 
matical applications is a matter of aston- 
ishment to professional mathematicians 
and statisticians. 
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Even a well-planned and well-taught 
sequence of mathematics courses with ex- 
clusively traditional content may leave 
students with the belief that mathematics 
is a closed subject, with no important 
problems left to solve or, at least, with no 
prospect of solving them. The writer was 
not cured of that unfortunate impression 
until after he had begun a program of 
mathematical concentration in college. He 
was then amazed to learn how many 
thousands of pages of mathematics are 
published annually in this country alone. 

Although the usual mathematical cur- 
riculum is old, it has undergone some al- 
terations during the past two generations. 
The changes, of varying degrees of merit, 
have primarily involved new methods of 
presentation, rearrangement of topics, de- 
creased emphasis on drill, new types of 
problems, and the omission of troublesome 
or seemingly unimportant material. Dur- 
ing these developments, school mathe- 
matics has not been entirely at the mercy 
of textbook writers and educationists. The 
National Council of Teachers of Math- 
ematies, for example, has consistently 
struggled and continues to struggle for the 
maintenance and strengthening of mathe- 
matical education. The same is true of a 
number of other organizations, committees, 
and individuals: Currently, there exist a 
few novel and-decidedly promising or- 
ganized efforts in which teams of class- 
room teachers and university mathema- 
ticians are working in close co-operation to 
produce new curricula, together with 
teaching materials, adapted to the educa-. 
tional needs of America in the mid- 
twentieth century. More will be said be- 
low concerning some of these efforts. 

Many laymen might derive from the 
public press the impression that Soviet 
satellites suddenly roused us from com- 
placent lethargy and galvanized us into 
frantic efforts to achieve a new scientific 
level. On the contrary, almost all of the 
current projects for improving mathe- 
matical education were well under way be- 
fore the first Sputnik and were not modi- 
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fied as a result of it. The more recently- 
initiated efforts also show no signs of hav- 
ing been primarily motivated by Soviet 
achievements. But we still owe to the 
USSR a certain gratitude for unwittingly 
launching, along with its first satellite, a 
powerful American clamor for improved 
scientific education. The panic reaction to 
Sputnik was not surprising in a nation 
which, with some justification, has always 
regarded itself as unchallenged leader of 
the world in science and technology. It 
was, furthermore, made abundantly clear 
to the American public that the launching 
of the first artificial satellite was not an 
isolated tour de force. While it was ac- 
complished by an older generation of 
Soviet scientists, the quality of their work 
is likely to be maintained as a result of the 
sound mathematical and scientific training 
offered by the Soviet educational system. 
The fact that Soviet education is oriented 
toward service to the state does not nec- 
essarily mean that it will be less effective 
than our own. Soviet energy and drive 
have brought the USSR to a point of 
offering keen competition in this critical 
area, with an expectation of even keener 
competition in the future. 

We, with our cherished freedom to plan 
our lives, could not, if we would, imitate 
the dictatorial Communist educational 
system. Nor are we quite ready to be 
frightened by the Communists into the 
maximum effort consistent with democ- 
racy to divert our youth into scientific 
careers. Indeed, every scientific or tech- 
nological group which the writer knows to 
have expressed itself on the subject has 
overwhelmingly opposed any attempt to 
warp our culture artificially in favor of 
science or engineering at the expense of the 
humanities. The time and the public 
mood are, however, ripe for reform, and it 
behooves scientists, scholars, and educa- 
tors to take advantage of that circum- 
stance. 

The struggle of mathematicians for 
educational reform extends back as far as 
the author can remember, and much 


farther. In recent decades, until a few 
years ago, they fought the rear guard 
battle of a retreating army. Mathematics, 
like other academic subjects, could not 
escape the deleterious effects either of 
‘life adjustment” theories or of mass 
education, however proud we, as a coun- 
try, may be of the latter. In our rapid 
march toward the enviable state where it 
is natural for almost every American to 
complete high school, we were confronted 
with the overwhelming problem of cater- 
ing to all levels of scholastic ability and 
inability, combined with every type of 
educational motivation or the lack of it. 
The problem was poorly resolved. At best, 
it would have been extremely difficult to 
satisfy the well-motivated and capable 
students in the face of the gigantic task of 
coping with the vast and sudden increase 
in the school population as a whole. The 
difficult became impossible in the dim, 
flickering light of some of the prevailing 
educational theories with nonacademic 
goals, and the superior students were 
often neglected in a program dedicated to 
mediocrity. As a result, much of the more 
challenging material was gradually elimi- 
nated from the schools, the amount of 
homework dwindled away, and the propor- 
tion of students, even able students, study- 
ing secondary school mathematics was 
severely reduced. We are thus faced with 
the question of what to restore of the ma- 
terial which fell by the wayside, in addi- 
tion to deciding what new topics to intro- 
duce and what currently taught items to 
omit or de-emphasize. 

In such a discussion as this, it is natural 
to stress deficiencies in need of correction 
and thus, perhaps, to give an impression 
more predominantly negative than even 
the sad facts warrant. To offset this tend- 
ency, in part at least, we remark that our 
country contains many schools—in our 
opinion an increasing number—with excel- 
lent mathematical programs. They repre- 
sent exceptions to most of the adverse 
criticisms directed at our schools as a 
whole. 
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It is no easy matter to determine just 
what curricular changes are needed to 
supplement and modernize mathematical 
education. A few general trends clearly 
suggest themselves, although heated argu- 
ments take place on the merits of includ- 
ing or omitting certain topics. Such dif- 
ferences of opinion stem largely from dif- 
ferences both in mathematical interests 
and in educational outlook. It is neither 
possible nor desirable to terminate these 
controversies. Our educational system can 
benefit by vigorous debate and by diverse 
experimental studies tending to resolve 
some of the points at issue. A great deal of 
hard work, bold experimentation, and 
thoughtful study will indeed be needed to 
clarify the picture of what we should and 
can do by way of curricular reform. Fortu- 
nately, several groups have embarked on 
the task, with highly competent, enthusi- 
astic personnel and with apparently ade- 
quate financial resources. Even more for- 
tunately, we need not mark time while 
awaiting the culmination of their efforts, 
for it is more urgent to strengthen our 


program, even along traditional lines, 
than to introduce drastic changes. There 
is a large measure of agreement on the 


topics truly essential to high school 
mathematics. Those on which experts 
sharply disagree can safely be regarded as 
optional. 

One reason why rapid reform cannot oc- 
cur along a broad front is the fact that, as 
everyone concerned is keenly aware, all 
significant innovations in school mathe- 
matics lead to serious problems in the edu- 
cation and re-education of teachers. Ap- 
propriate training for them is the most 
conspicuous and difficult prerequisite for 
important reforms in secondary education. 
Curricular innovations demand that they 
acquire a new point of view and new 
knowledge. Something along these lines 
can be brought about without interruption 
of work by the in-service training of ex- 
perienced teachers; even more can be ac- 
complished by their attendance at summer 
institutes; and still more by their partici- 


pation in academic-year institutes imbued 
with the spirit of contemporary mathe- 
matics. As proposed curricular changes 
win sufficient acceptance, they are sure to 
be included in the programs of some of the 
institutes sponsored by the National Sci- 
ence Foundation. The conspicuous, almost 
overwhelming, interest of teachers and 
schools in the reform movements and the 
institutes is a most encouraging augury. 
Such enthusiasm has greeted the latter 
that the demand by worthy candidates for 
admission far exceeds the number the in- 
stitutes can accommodate. This does not 
necessarily mean that there should be 
more or larger institutes. In considering 
the merits of expanding, one would need 
to take into account (1) the problem of 
staffing the institutes, and (2) where aca- 
demic-year programs are at stake, the 
question of how many mathematics teach- 
ers per year should be temporarily with- 
drawn from their classrooms. As matters 
now stand, a small but significant propor- 
tion of the mathematics teachers from all 
sections of the country attend institutes 
and return to their work with new knowl- 
edge of subject matter and methods. Sub- 
ject matter is by far the principal concern 
of the NSF institute program. 

In what follows, we have secondary 
school mathematics largely in mind, even 
though curricular problems at more ele- 
mentary and more advanced levels are 
also acute. It is at the secondary level that 
the most interesting activities are well 
under way. Problems in elementary math- 
ematical instruction+present special diffi- 
culties, and efforts to deal with them are in 
a comparatively primitive stage. How- 
ever, they are being experimentally stud- 
ied by competent persons and will soon be 
systematically attacked on a larger scale. 
Between the elementary and the high 
school level, we note that the University of 
Maryland is active in a promising pro- 
gram to strengthen mathematical instruc- 
tion in grades seven and eight. Beyond the 
secondary level, the Committee on the 
Undergraduate Program, established by 
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the Mathematical Association of America, 
has been occupied for several years with 
the question of modernizing the college 
curriculum in mathematics. 

As a generally acceptable working defi- 
nition, we can say that, in this country, 
college mathematics commences with ana- 
lytic geometry and the calculus, either 
taught as separate courses or in combina- 
tion with one another. All the prelimina- 
ries belong in the secondary schools, how- 
ever prevalent and temporarily necessary 
may be the practice of offering some of 
them in college to correct earlier de- 
ficiencies. As an immediate project, let us 
take the strongest steps we can toward 
the goal of ensuring that every qualified 
student in America shall have the oppor- 
tunity, before completing high school, to 
master at least the traditional algebraic 
and geometric topics and to prepare, if 
college-bound, for the study of analytic 
geometry and calculus. This is a specific 
major objective on which we should fix our 
sights and toward which we can continu- 
ally strive until it is reached. It is an at- 
tainable goal, although the path to it ap- 
pears long and difficult. Our American sys- 
tem of decentralized control of the schools 
makes the attainment of such an objective 
a matter for local action in each com- 
munity where the mathematical program 
is inadequate. Local action, in turn, will 
take place only after a community has be- 
come aware of and aroused to its need. 
Even if we should not everywhere succeed 
in attaining this first important goal, we 
shall have the satisfaetion of knowing that 
a precious educational gain accrues with 
every community where it is achieved. 

While the foregoing paragraph empha- 
sizes preparation for college mathematics, 
it should be remarked that a serious stu- 
dent, even if not college-bound, will derive 
more benefit from good courses including 
the necessary background for calculus 
than from any of the terminal secondary 
school courses known to the writer. The 
latter, however, have their place, espe- 
cially for students lacking in the ability to 
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benefit by more substantial courses. Un- 
fortunately, many of our students who 
possess such ability feel no incentive to 
take advantage of the more valuable and 
demanding studies. Everything possible 
must be done to motivate them. Regard- 
less of their vocational interests, or even if 
they have developed none, all capable stu- 
dents should be encouraged to go further 
in mathematics than the traditional year 
each of algebra and geometry. Teachers, 
counselors and parents have a direct re- 
sponsibility to see that students do not 
handicap themselves through ignorance of 
the cultural and practical importance of 
mathematics in the modern world. Four 
years of high school mathematics are gen- 
erally to be strongly recommended for 
capable students. In this area, as through- 
out the curriculum, there is great need for 
intelligent guidance. It is a crying shame, 
both for the individual victims and for our 
society, that so high a proportion of the 
more capable students are allowed to drift 
peacefully through the public school sys- 
tem and out into the world without being 
stimulated either to prepare for higher 
education or to benefit by the more valu- 
able courses available to them in the sec- 
ondary schools. While we Americans be- 
lieve in freedom of choice, including the 
freedom to make bad decisions, we should 
also recognize the duty of the school sys- 
tem to see that students have the oppor- 
tunity to select their courses from an ex- 
cellent educational menu, guided by the 
best possible advice and information. 

During the remainder of this discussion, 
we concern ourselves only with the needs 
of serious, well-motivated students of 
average ability or better. The others have 
long received at least their full share of 
special attention from educators, even 
though the courses offered to them are 
likewise in critical need of revision. 

It is possible, without undue effort, to 
list the topics essential to high school 
mathematics, regardless of whether they 
are to be grouped along traditional lines 
into separate courses in geometry, algebra, 
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and trigonometry, or whether they are to 
be combined into unified courses. A good 
instructional job can be done in either 
way. Furthermore, the essential topics are 
not so demanding as to require for mathe- 
matics an exorbitant share of a well- 
balanced high school program, in which all 
the various academic subjects, extracur- 
ricular activities, and other services re- 
ceive due attention. Indeed, many high 
schools even now, without overemphasiz- 
ing mathematics, not only cover the essen- 
tials but include a number of optional 
topics in their regular courses, and, in ad- 
dition, offer mathematical electives for 
those with special interests. It is not part 
of the present purpose to give detailed 
lists of topics for secondary school instruc- 
tion. Several good lists are in existence, and 
others will be produced for the guidance of 
teachers and administrators. They will 
vary with changing conditions and will 
differ according to the predilections of 
those who compile them, but lists emanat- 
ing from competent sources will be in gen- 
eral agreement on truly essential topics. 
There is no unique method of getting 
adequate preparation in mathematics, any 
more than there is a unique good auto 
route from New York City to Los Angeles, 
although all appropriate routes have some- 
thing in common. 

In this time of political, scientific, and 
educational turmoil, much is being said 
and written in favor of radically new ap- 
proaches to the study of mathematics and 
in favor of introducing novel mathemati- 
cal material into the program. This fact, 
together with a public demand for 
strengthening scientific education, might 
induce an administrator to undertake 
drastic and premature revisions in cur- 
riculum or to embark on experiments for 
which his staff is ill-equipped. We do not 
recommend that every high school plunge 
into curricular experimentation in mathe- 
matics. Few teachers have the desire or 
the mathematical background to do so 
with either pleasure or profit. It is far 
better for all concerned that mathematics 
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teachers, who are generally among the 
strongest advocates of high standards, be 
given the opportunity to do well what they 
have been trained to do rather than be ex- 
pected to do something strange and spec- 
tacular. Most schools should strive for the 
development of mathematical insight and 
understanding through existing courses, 
while awaiting the necessary conditions for 
successfully introducing novel features in- 
to the curriculum. In particular, it is de- 
sirable that major innovations await the 
publication of some of the results of the 
principal experiments and studies now 
being carefully conducted by teams of 
classroom teachers and university mathe- 
maticians. These projects will produce 
valuable information concerning topics 
which prove to be successful in the class- 
room. They will also provide instructional 
material for classroom use and for the in- 
formation of teachers with regard to new 
subject matter and methods of presenting 
it. 

As a preliminary to discussing some of 
the reforms currently under consideration, 
we list the principal groups whose primary 
objective is the improvement of secondary 
school mathematics. 

1. The Commission on Mathematics. This 
Commission was established about four 
years ago by the College Entrance Ex- 
amination Board. A report presented by 
its chairman, Professor A. W. Tucker of 
Princeton University, to the 1958 Inter- 
national Congress of Mathematicians in- 
cluded the following statement of purpose. 
“The purpose of the Commission on 
Mathematies is to bring about the intro- 
duction into as many American secondary 
schools as possible within the next few 
years of a revised mathematics college 
preparatory curriculum oriented to the 
needs of the second half of the twentieth 
century.”” The Commission has clearly 
formulated the broad outlines of its rec- 
ommendations for a four-year program of 
high school mathematics, without elabo- 
rating them into detailed curricula. The 
published Report of the Commission con- 


: 

( 

| 
‘| 
E 
1 
\ 
Re 

J 


tains a careful statement of these recom- 
mendations and of the reasons for making 
them. A substantial volume of appendices 
is especially designed for the in-service 
training of teachers wishing .to become 
familiar with the relevant mathematical 
concepts. 

2. School Mathematics Study Group. This 
is a national project with headquarters at 
Yale University and with the support of 
the National Science Foundation. It was 
established in the spring of 1958 and held 
its first session early that summer. Teams 
of classroom teachers and university 
mathematicians are working in close co- 
operation to produce sample curricula, 
classroom materials, and expository tracts 
for the improvement of secondary school 
mathematical education, and also of the 
mathematics programs at more elemen- 
tary levels. The SMSG has very carefully 
studied the recommendations of other 
major groups with related objectives. The 
proposals of such groups fortunately agree 
in their general direction, though, of 
course, not in all details. The SMSG will 
produce material designed to help teachers 
improve themselves, so that they can, in 
their classrooms, implement various rec- 
ommendations for instructional reform. It 
also has a monograph project, whose ma- 
jor purpose is to enable students to obtain 
a better view of the scope of mathematics 
and of the fact that mathematics is alive 
and growing. 

3. The University of Illinois Committee 
on School Mathematics. This project began 
in 1951 and, since July 1956, has received 
substantial support from the Carnegie 
Corporation. It has developed student 
texts and teacher guides which were used 
in 1957-58 in twelve schools by forty 
teachers and about seventeen hundred 
students. In 1958-59, the program in- 
cluded more than fifty schools, more than 
one hundred teachers, and more than four 


thousand students. The project can be de- , 


scribed as advanced curricular research. 
Its program has led to bold and interesting 
experimentation, including the use of 


fairly advanced abstract mathematical 
material at the high school level. The 
UICSM texts cover four full courses and 
are designed for students of better than 
average ability. 

One of the general difficulties from 
which American students suffer is that so 
little is expected of them. In mathematics, 
more homework should be demanded, and 
it should be made impossible for anyone, 
however great his native ability, to loaf 
his way through a mathematics course, 
though the subject will always be easier 
for some than for others. The need for 
more homework, however, is not to be con- 
strued as a call for introducing or reinstat- 
ing the practice of requiring large doses of 
routine computational problems. On the 
contrary, we should recognize that the de- 
velopment of high-speed electronic com- 
puters has made obsolete the stress which 
used to be laid, for example, on computing 
the roots of numbers, figuring successive 
approximations to solutions of algebraic 
equations, doing routine problems in loga- 
rithmic computation, and solving numer- 
ous triangles to several significant figures. 
Probably the most widely accepted pro- 
posed revisions of school mathematics are 
(1) the elimination, or at least the drastic 
reduction, of drill in such computational 
problems, and (2) an increased emphasis 
in trigonometry on those interesting prop- 
erties of functions of the general angle 
which lay the foundation for important 
uses of these functions in both pure and 
applied mathematics at a more advanced 
level. The Commission on Mathematics 
recommends the introduction in grade 
eleven of fundamental trigonometry, cen- 
tered on coordinates, vectors, and complex 
numbers. Even the student who does not 
continue with mathematics will derive 
more benefit from such studies than from 
solving triangles. There is no need to sacri- 
fice thereby the advantages of computa- 
tional work, for it is a simple matter to 
accompany the new material with prob- 
lems which challenge the student and de- 
velop his technical skill. 
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Two mathematics courses whose resto- 
ration or retention has been challenged are 
(1) solid geometry and (2) the once-tradi- 
tional treatment of Euclidean plane geom- 
etry. The latter, to be sure, has the merit 
of being a good example of a mathematical 
discipline in the form of a structure of un- 
defined terms, axioms, theorems (deduced 
more or less rigorously from the axioms), 
and concepts defined in terms of them. It 
has traditionally been the only such exam- 
ple regularly presented in the secondary 
schools. Its disadvantages include the de- 
votion of an unnecessary amount of time 
and effort to just one such structure. It 
then leaves the student with the impres- 
sion that, while Euclidean geometry is a 
rigorous and to some a beautiful logical 
edifice, the same is not and never can be 
true of algebra and arithmetic. By present- 
ing parts of Euclidean plane geometry 
and, in addition, other samples of the axi- 
omatic method, selected from both alge- 
bra and geometry, it is possible to enhance 
the benefits of the traditional geometry 
course while eliminating its disadvantages, 
and to do so in a more interesting, even 
entertaining, fashion. Euclidean solid ge- 
ometry, where taught, has continued the 
work of plane geometry. It appeals 
strongly to those few who have a genuine 
flair for the subject. A number of engineer- 
ing schools have required it for admission, 
and some still do so, largely because of the 
assumption that it develops a three-di- 
mensional perception needed in certain 
basic engineering studies. That perception 
can, however, be acquired in other ways. 
The Commission, for example, would in- 
clude some solid geometry with plane 
geometry in a revised tenth-grade geom- 
etry course, employing both synthetic and 
analytic methods according to conven- 
ience. The position of plane geometry is 
doubtful; it is even more doubtful that an 
entire course should be devoted to solid 
geometry. There is a current tendency to 
drop it as an engineering requirement. 

With regard to high school algebra, 
there are influential proposals that in- 
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equalities and deductive reasoning be in- 
cluded, so as to emphasize structure rather 
than manipulative skill. 

Among the more controversial innova- 
tions has been the introduction, at various 
levels, of material derived from modern 
set theory and from mathematical logic, 
including an approximation to a logical 
development of the real number system. 
Certain portions of set theory, suitably 
presented, are close to the world of ex- 


perience. They can be appreciated by 


quite young children, and they are of real 
assistance in developing the number con- 
cept. Many other pure mathematical ab- 
stractions likewise seem to be understood 
and to arouse considerable interest among 
high school students, at least when pre- 
sented by an outstanding and enthusiastic 
teacher. The depth of appreciation is, 
however, hard to assess, and it may be 
that only a small minority of students 
really profit by some of the more am- 
bitious abstractions until they have ac- 
quired a mathematical maturity which 
one cannot legitimately hope to find at the 
secondary school level. 

Whatever objections may be raised to 
some of the more radical innovations cur- 
rently being proposed, they at least help to 
make mathematics appear in its true light 
as a living, growing creation of the human 
spirit, worthy of study for its own sake 
and not merely in its subordinate role as a 
tool for the use of grocers, actuaries, engi- 
neers, and physicists. 

Where the staff and student body are 
adequate, elective mathematics courses 
are valuable for students with special in- 
terests. For example, some schools have 
courses in analytic geometry and calculus 
at the usual beginning college level, and 
some colleges accept such courses either 
for credit or for advanced standing. 

The Commission on Mathematics has 
suggested as electives for the last year of 
high school a semester course in elemen- 
tary analysis to be followed by a semester 
course in probability with statistical ap- 
plications. Some schools are offering the 
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latter, using an experimental text, Intro- 
ductory Probability and Statistical Infer- 
ence for Secondary Schools, which was pre- 
pared under the auspices of the Com- 
mission. 

Students with genuine mathematical in- 
terests should be encouraged to activity 
in school mathematics clubs and in various 
competitions—for example, the competi- 
tive examinations sponsored on a state- 
wide and national (even international) 
basis by the Mathematical Association of 
America. School teams and individuals 
van take part. It is to be hoped that public 
recognition as well as material rewards (in 
the case of scholarship competitions) will 


What's new? 


increasingly endow intellectual achieve- 
ments with some of the same kind of pres- 
tige which has long been accorded to out- 
standing athletic performance. 

Through the combined influence of the 
institutes, the groups mentioned above, 
and others, we can hope for a rising level 
of mathematical instruction in the schools 
and, eventually, a well-considered modern- 
ization of the curriculum. A strong funda- 
mental high school program,‘ supple- 
mented by interesting electives and extra- 
curricular mathematical activities, will 
stimulate the imaginations of receptive 
students, from whose ranks must come the 
scholars and scientists of tomorrow. 
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The Ball State experimental program 


CHARLES BRUMFIEL, Ball State Teachers College, 


ROBERT EICHOLZ, Ball State Teachers College, Muncie, Indiana, 
and MERRILL SHANKS, Purdue University, Lafayette, Indiana. 
Seventh- and eighth-grade mathematics—not social applications, 
classical algebra taught with precision and meaning, 


INTRODUCTION 


THE 1959-60 scHoor year is the fifth year 
of the Ball State experimental program in 
plane geometry, the third in beginning 
algebra, the second in eighth-grade mathe- 
matics, and the first in intermediate alge- 
bra. Text materials in these areas have 
been prepared by Professors Merrill 
Shanks of Purdue University and Charles 
Brumfiel and Robert Eicholz of Ball 
State Teachers College. 

The geometry text is completed. The 
beginning algebra is almost in final form. 
Text material for the eighth-grade course 
has taken definite shape but will un- 
doubtedly be subjected to some revision. 


The development of the intermediate al- ° 


gebra has only begun. 

The Ball State laboratory school, Bur- 
ris, has served as the chief testing ground. 
In addition several Indiana high schools 
have co-operated during the past three 
years by using the geometry, algebra, and 
eighth-grade materials. Approximately fif- 
teen teachers are presently involved in 
this experimental program. 

The experimental classes have for the 
most part been constituted of students of 
average ability. The teachers who volun- 
teer for experimental teaching assign- 
ments have, in general, no particular 
training for the task; but during the school 
year they meet periodically for a discus- 
sion of pedagogical problems. In addition 
Professor Eicholz regularly visits the class- 


and Euclid made precise and rigorous 
according to the standard of modern mathematics. 


rooms of some of the participating teach- 
ers. 

A significant feature of both the alge- 
bra and the geometry is a full unit on logic 
in each. In these chapters the student is 
taught to understand some of the basic 
forms of logical reasoning without trying 
to develop an elaborate symbolism. Thus, 
the only symbol introduced is the arrow 
“_,” for implication. However, in order to 
have language to talk about proof it 7s nec- 
essary to define, and use, some logical 
terms; for example, conjunction, disjunc- 
tion, negation, implication. These terms 
are applied both to everyday situations 
and to simple problems in algebra or arith- 
metic in order to clarify the concepts. In 
general the students enjoy this work. The 
“trick” in teaching is to let each student 
go as deeply as his abilities permit. Unlike 
many topics in algebra, this is not drill ma- 
terial. 

It should be made clear that these units 
on logic are full chapters. They take at 
least two or three weeks in both courses 
when done thoroughly. The reason for this 
is that once the topic is begun there is no 
easy place to quit without leaving things 
in mid-air. 

Every effort is made in both algebra and 
geometry to develop the student’s power 
to make proofs from clearly-stated as- 
sumptions. The development of such 
power, with accompanying mathematical 
imagination, is of course a slow and con- 
tinuing process. We think that time spent 
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on the logic “pays for itself” in the course 
of the year. Of course it is expected that 
the teacher will call attention to points of 
logic as they occur in geometric proofs. 

An evaluation of the Ball State program 
at present would be premature. Not until 
the fall of 1961 will we send to college a 
group of students who have been exposed 
to more of our program than the single 
year of geometry. 

We who are closest to the program can 
make a few tentative observations. 


1. Teachers who have a strong back- 
ground for teaching the experimental 
program are enthusiastic about it. 

. Teachers with weak backgrounds have 
mixed reactions. They experience some 
doubts and frustrations. Most of these 
teachers, however, feel that as they de- 
velop the particular skills and under- 
standings required to teach the experi- 
mental material they will be able to 
teach it more effectively than the tra- 
ditional material of the past. 

. Capable students who receive moder- 
ately competent instruction are usually 
enthusiastic about the course. It has 
been particularly gratifying to see sev- 
eral brilliant students, who had found 
conventional mathematics dull and un- 
interesting, come to life after exposure 
to the new materials and perform mag- 
nificently. 

. Weak students who cannot follow pat- 
terns of precise logical reasoning seem 
to perform as well in the experimental 
courses as in traditional courses. Their 
attitudes toward the experimental 
courses seem little different from the 
attitudes of weak students toward con- 
ventional mathematics courses. 

. Within the group of average students 
there is considerable variation. Many 
of these students rise to the challenge 
and do beautiful work. Others pas- 
sively resist attempts to arouse their 
interest, refuse to work hard, and per- 
form poorly. Clearly, the central ideas 
of the geometry and algebra are not in- 
accessible to the high school student of 


average ability who is reasonably well- 
motivated and has good work habits. 

. During these past five years our phi- 
losophy of textbook writing has jelled. 
We consider it necessary to treat stu- 
dents as if they are, intellectually, 
adults. Whenever we have tried to gloss 
over a subtle point our teaching ex- 
perience has compelled us to rewrite 
and to be completely candid. We delete 
archaic language entirely and use mod- 
ern language consistently. 


THE EIGHTH-GRADE COURSE 


The primary objective here is to lay a 
foundation for the continuing study of 
mathematics. This is not a course in how to 
write checks—how to read gas meters— 
how to make and interpret circle and bar 
graphs. It is not written as a terminal 
course that presents such topics as in- 
surance, taxation, installment buying, and 
the mathematics of cookery and sewing 
for those recalcitrant inhabitants of our 
schools who are only waiting for time to 
release them from their school custodians. 

Roughly speaking, topics covered in the 
eighth grade-course may be classified un- 
der three major headings: Systematic 
Arithmetic with Applications, Mathe- 
matics for Fun, and Introductory Algebra. 

In the first units the role of symbolism 
in mathematics is considered. The distinc- 
tion between a symbol and the concept that 
the symbol represents is emphasized. The 
use of parentheses to indicate the order of 
operations is explained. Such relations as 
equality, inequality, greater than, and less 
than, with the accompanying symbols, are 
introduced and utilized in problem sets. A 
small study of the history of number sym- 
bols is made, and careful attention is given 
to the concept of place value within both 
our decimal system and systems of numer- 
ation employing other bases. 

A systematic study is made of the arith- 
metic of the set of numbers (0, 1, 2, 3, 
4, In introducing the properties of 
addition and multiplication in this set, 
emphasis is placed upon student dis- 
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covery. The commutative, associative, 
and distributive laws are formulated as 
general principles. They are not presented 
as postulates. 

Attention is called to the subsets desig- 
nated by “even,” “odd,” and “prime,” 
and a little number theory is studied. Stu- 
dents are encouraged to make informal 
proofs by setting before them problems 
like: 

The product of two numbers is odd. What 
can you say about these numbers? 

Explain why, if you square any number and 
add this product to the number itself, you will 
have an even number. 

The difference between the primes 5 and 2 
is 3. Explain why no other pair of primes has 
this property. 

What can you say about the set of remain- 
ders obtained when one divides each of the 
primes greater than 3 by 6? 


The introduction of the set of rational 
numbers is preceded by a short unit that 
would be classified as problems in ratio 
and proportion. This unit belongs in the 
“for fun” category. None of the terminol- 
ogy of ratio and proportion is employed. 
Students are shown by examples how to 
describe various situations by number 
pairs. For example, the symbol (6, 1) may 
be used to indicate that in a certain or- 
chard there are six apple trees for each 
plum tree. The symbol (3, 2) compares the 
number of peach trees to plum trees. Now 
we ask for a symbol that compares the 
number of apple trees to peach trees. 

Problems of the following type occur. 

The number pair (3, 4) compares the sizes 
of two numbers. 
(a) If the second number is 20, what is the first? 
(b) If the sum of the numbers is 21, what is the 
first? 
(c) If the difference of the numbers is ten, what 
is each number? 


(d) If the product of the numbers is 192, what is 
each number? 


Our experience in teaching this unit in- 
dicates that these problems stimulate a 
great deal of interest and lead students to 
invent for themselves techniques which 
are equivalent to the rules ordinarily given 
for the manipulation of ratios and propor- 
tions. 


In the work with rational numbers it is 
observed that the basic principles formu- 
lated for the whole numbers hold also for 
this new set. 

Irrational numbers are presented as in- 
finite decimals. An informal proof that the 
square of no rational number is two is pre- 
sented. The identification of the set of ra- 
tional numbers with the set of repeating 
decimals is made, and computational tech- 
niques for expressing repeating decimals 
as fractions are developed. 

The work in algebra utilizes those set 
theoretic concepts that are serviceable in 
the discussion of the solution of equations 
and inequalities. Variables are first used 
to construct open sentences referring to 
sets containing only a few elements. For 
example, after agreeing that all variables 
refer to the set (0, 1, 2, 3, 4), the st:ident is 
asked to determine the solution set for 
sentences like 


r>2; n<8; 
a+a=2-a; 


t+4 is in the set; 
b+5=3. 


Sentences true for every number in the 
set of reference are called generalizations, 
and some algebraic activity is motivated 
by a search for generalizations. 

Sentences in two variables are con- 
sidered, and their solution sets are seen to 
be subsets of a set of ordered pairs. Again 
in these preliminary stages the variables 
are restricted to finite sets. The student is 
introduced at this point to the graphing of 
systems of equations. Gradually the alge- 
bra takes on an “orthodox” appearance. 
Negative numbers are introduced and 
equations and inequalities are solved over 
the full set of integers and then over the 
signed rational numbers. The applications 
and word problems are much like those in 
a conventional text. 


THE ALGEBRA COURSE 


The algebra text represents an attempt 
to teach classical algebra with precision 
and meaning. Postulates, definitions, and 
theorems are presented, but the formal 
structure remains in the background. This 
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logical structure is taught less for its own 
sake than for the purpose of illuminating 
the many calculation rules of arithmetic 
and algebra. Our goal at the end of the 


ninth-grade work in algebra is a student ‘ 


who has firm techniques and the ability to 
deduce most of these techniques, using 
numerical examples, from the postulates 
and definitions. Thus a proof, based upon 
the distributive law, that (—2)(—2)=4 
should be possible for many students. 

The algebra is presented as an extension 
or generalization of arithmetic with all its 
familiar practical applications. This does 
not mean superficial manipulative ability; 
it means skill with understanding. As a 
consequence of this view much time is 
spent illustrating the power of the basic 
laws. These laws are formulated as postu- 
lates. Since a systematic study of logic has 
given students some insight into the na- 
ture of proof, it is now clear to them that 
the starting point for any logical develop- 
ment must be a body of assumptions. The 
postulates are stated first for the set of 
non-negative integers. 

{0, 1, 2,3,---.} 
1. For each ordered pair a, b, a+b and a-b exist 
and are unique. 
2. For all a, b, a+b=b+a and a-b=b-a. 
3. For all a, b, c, (a+b) +c=a+(b+ce) and 

4. For all a, b, c, if a+b=a-+e, then b=c; if 
a-b=a-c and a0, then b=c. 

5. For all a, a+0=a, a-1=a, and a-0=0. 

6. For all a, b, c, a(b+c) =a-b+a-c. 

Students see little reason for making a 
great fuss over the above assumptions for 
the set of non-negative integers. However, 
the solution of equations is made to rest 
upon these postulates and some apprecia- 
tion for their usefulness begins to develop. 
Considerable interest is aroused, also, 
when we point out that the entire year’s 
work! will be based upon this one set of 
postulates. No additional memorizing is 
necessary. 

A special study of the subtraction opera- 
tion is made prior to the introduction of 
negative numbers. Subtraction is defined 
in terms of addition (a—b=c means that 


a=b+c). The fact that subtraction is not 
always possible motivates the extension 
to the integers. 

The student recognizes the power of the 
basie postulates for the first time when he 
sees them used to establish by proof the 
rules for computing with the integers. We 
postulate that for every natural number 
a there exists a new number, —a, called 
the negative of a, and such that 


a+(—a)=0. 


We call the set, consisting of zero, the 
natural numbers and the negatives of the 
natural numbers, the integers, and we ex- 
tend the scope of our assumptions by 
postulating that our old laws hold for this 
set. 

Now, familiar rules for calculating with 
integers fall out as theorems. For example, 
if a and b are non-negative integers, then 


1) a+(—b)=a—b or —(b—a) accord- 
ing as a>b or a<b. 

2) (—a)+(—b) = —(at+b). 

3) a(—b) =—(ab), and (—a)(—b) =ab. 

4) (-—1)-a=—a=0-a. 


After the experience of seeing the rules 
for calculating with integers established 
firmly by proofs, students never question 
the need for assumptions. While they 
worked with the non-negative integers, 
in the background undoubtedly was the 
feeling that the postulates were not really 
necessary. They knew how to compute 
with these numbers. But now the postu- 
lates enable them to perform new calcula- 
tions. They recognize that deductive rea- 
soning, based upon a set of assumptions, 
has extended their mathematical knowl- 
edge and led to the discovery of new facts. 

The next extension of the integers to the 
rationals finds the students quite co-opera- 
tive.‘ Having postulated that for every 
pair of integers a, b with b#0 there exists a 
rational number a/b such that 


a 
b-—=a 
b 


and having also extended the scope of our 
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basic laws to govern the algebra of this 
new set, students present correctly proofs 
of such theorems as 


1 

6-—=3; 

1 2 atc 

b 


Even the best of these students have 
thought of the arithmetic of fractions as 
based upon meaningless rules. There is al- 
most universal appreciation of the fact 
that these rules are inevitable conse- 
quences of our basic assumptions. 

Having available the algebra of the ra- 
tional number system, many conventional 
topics are now considered—calculation 
with rational expressions, systems of linear 
equations, factoring of polynomials over 
the rational field, simple quadratic equa- 
tions, ratio and proportion, and various 
applications. 

A chapter upon sentences, relations, 
graphs, and functions stresses heavily 
logical and set theoretic concepts. This 
chapter has as its goal the development of 
the student’s ability to work effectively 
with Cartesian coordinate systems. On the 
surface it appears to be the most revolu- 
tionary chapter in the text, but in practice 
it has been one of the easiest and most re- 
warding to teach. 

Since no rational number satisfies the 
equation z?=2, a simple algebraic exten- 
sion of the rationals is made by postulating 
the existence of a root for this equation 
and adjoining it to the rationals. For the 
fourth time we state our fundamental pos- 
tulates and assume that they govern the 
operations of addition and multiplication 
in the set of numbers of the form a+b./2 
with a and b rational. 

At this stage the better students are able 
to present, with excellent understanding, 
proofs of the following chain of theorems: 


1. If a and b are rational numbers, then 
a+b/2=0 if and only if a=0 and b=0. 


2. a+bV/2=c+dv2 if and only if a=c and 
b=d. 


3. The product of two numbers, a+b/2 and 
c+dv+/2, is zero if and only if one of the num- 
bers is zero. 

4. There are exactly two numbers of the form 

a+b/2 whose squares are 2. 

. Division in this new set of numbers (except 

by 0) is always possible and is unique. 

6. Every number a+6/2 is a root of a quad- 

ratic equation with rational coefficients. 

. There is no number in our set whose square 

is 3. 


| 


The final extension of our number sys- 
tem occurs when the reals are presented as 
infinite decimals. This is the fifth set of 
numbers that has been systematically 
studied during the year. For each set the 
one basic group of postulates has superim- 
posed an algebraic structure upon the set. 
This pattern of repetitious formulation of 
the postulates makes it crystal clear to all 
students who have the capacity for further 
mathematical study that the structure of 
a mathematical system unfolds from the 
postulates that characterize it. 


THE GEOMETRY TEXT 

The geometry is primarily plane geome- 
try. A summary of space geometry is 
presented in one chapter and a brief intro- 
duction to coordinate geometry in a sec- 
ond, but these chapters are out of the 
main line of the development. The geome- 
try can best be described as Euclid made 
precise and rigorous according to the stand- 
ards of modern mathematics. It is well 
known that around the turn of the cen- 
tury David Hilbert formulated the first 
mathematically acceptable set of postu- 
lates for geometry. The Ball State geome- 
try is based upon a modified version of the 
Hilbert postulates. The selection of the 
postulate set and its formulation in lan- 
guage acceptable to mathematically im- 
mature students constituted the basic 
problem. Once this was done the elabora- 
tion of the geometry required only time 
for its completion. 

It is not generally recognized, even in 
the geometry classroom, that there are 
two kinds of geometries. The conventional 
geometry class makes little or no distine- 
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tion between these and moves freely back 
and forth between 


1. Physical Geometry 
2. Mathematical Geometry. 


Suclid himself does not differentiate be- 
tween these two geometries. Such language 
as: 

Draw a line. 

Measure an angle. 

Place point A on point B. 

Rotate the line segment. 

Point A moves along the line. 


is the language of physical geometry. The 
words draw, measure, place, rotate, move, 
ete., as used in the ordinary geometry 
classroom, refer to physical activity and 
not to mathematics. These terms are not 
defined in traditional geometry textbooks 
and their significance is not made clear by 
postulates. 

On the other hand, when teachers tell 
students that the assertions they make in 
their geometric proofs must be justified 
by appealing to postulates and previously 
proved theorems, and not by pointing at 
physical objects (like figures drawn on the 
board), then they are talking about 
mathematical geometry. 

The Ball State geometry distinguishes 
sharply between these two geometries and 
establishes from the beginning that the 
purpose of the course is to study mathe- 


matical geometry. Repeatedly it is ob- - 


served that points and lines are things that 
exist only in our minds. Pencil marks and 
chalk marks are physical objects used to 
picture lines and points. The student is 
told: 


Draw a picture of a line. 
Mark a picture of a point. 
Measure a picture of an angle. 


You will observe that the postulates listed 
below use none of the words that refer to 
physical activity—draw, mark, extend, 
move, ete. 

The postulate set employed in the Ball 
State geometry includes a total of eighteen 
postulates. Of course not all of these are 


logically necessary. Several could be 
proved as theorems from the others, but 
in general these proofs are difficult. 

The postulates are presented as 


1. Postulates of incidence (three postu- 
lates) 
. Postulates of order or betweenness (five 
postulates) 
. Postulates of congruence (seven postu- 
lates) 
4. The Postulate of Archimedes 
5. The completeness postulate 
. The parallel postulate. 


In the additional chapter on space ge- 
ometry there are four more postulates 
which suffice to prove the theorems of 
three space. 

It is emphasized that the geometrical 
relations of congruence and betweenness are 
undefined relations. Incidence is inter- 
preted in terms of set membership. That is, 
the statement, ‘Point P lies on line lI” 
means that the point P is one of the 
points in the set of points constituting the 
line 1. The language of set theory is used 
consistently. For example, it is remarked 
that the Euclidean plane is a set of points 
and that the objects of geometric study 
are certain subsets of this large set which 
we refer to as lines, segments, triangles, 
circles, etc. In other words, every geometric 
figure is a set of points. 

The postulates for the geometry are 
given below. Only the postulates for plane 
geometry are given. 


THE INCIDENCE POSTULATES 


. There are at least three points not all on a 
line. 

. For any two different points, there is ex- 
actly one line containing these points. 

. Every line contains at least two points. 


THE BETWEENNESS POSTULATES 


4. If B is between A and C, then A, B, C are 
three different, or distinct, points on a line. 

. For every three points on a line, exactly one 
of them is between the other two. 

. Any four points on a line may be named Aj, 
Az, As, Aq so that the only betweenness rela- 
tions are the same as the order of the sub- 
script numbers. That is, the betweenness 
relations are Az between A; and As3, Az be- 
tween A; and A,, etc. 
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10. 


11. 


12. 


13. 


14. 


If A and B are two points, then there is at 
least one point C such that B is between A 
and C, and at least one point D such that D 
is between A and B. 


. Every line | separates the plane. By this we 


mean that all points of the plane not on the 

line are divided into two sets, called the two 

sides of the line, having the following prop- 
erties: 

a) If P and Q belong to one of these sets 
then no point of lis between P and Q. We 
say then that P and Q are on the same 
side of 1. 

b) If P and Q are in different sets, then there 
is a point on l which is between P and Q. 


LINEAR CONGRUENCE 


. Given points A and B on a line / and a point 


A’ on aline l’, then, on a given side of A’ on 
l’, there is exactly one point B’ such that 
AB is congruent to A’B’. We write this as 
AB=A'B’, and read this as “AB is con- 
gruent to ” 

In congruence the order of the points does 
not matter, that is, if AB2YA’B’ then also 
AB=B’'A’, BA&A’B’, and BASB’A’. 
Congruence also satisfies the following: 

a) ABSAB., (A segment is congruent to 
itself.) 

b) If AB&A‘B’ then A’B’SAB. 

c) If ABSA’B’ and A’B’=A"’B”, then 
AB2A"'B", 

(This postulate tells how to “add” and “‘sub- 

tract’? segments.) Suppose that B is be- 

tween A and C on a line l, and that B’ is be- 

tween A’ and C’ on a line I’. 

a) If ABSA’B’ and BCSB’C’, then 

ACSA'C’. 

b) If ACSA’C’ 

ABSA'B’. 


and BC=SB’C’, then 


ARCHIMEDES’ PosTULATE 


If AB is any segment on a line! and CD any 
other segment, then there is a finite number 
n of points A;, Az, --+, A, onl such that 
the points A, A:, Ax, ---, An are arranged 
in this order, all the segments AA,, A;Az, 
+++, AgsA, are congruent to CD, and 
tal B=A, or B lies between A, 1 and As 


THE COMPLETENESS POSTULATE 


For every line | and every point A on J, and 
for every positive real number z, there is, on 
a given side of A, a point B such that 
AB=z. (Note: The symbol “AB” repre- 
sents the length of the segment.) 


CONGRUENCE POSTULATES FOR ANGLES 


If ZA is not a straight angle and if r’ is a 
ray from A’ on a linel’, then, on a given side 
of l’, there is exactly one ray s’ from A’ such 
that the angle A’, with sides r’ and 3s’, is 
congruent to angle A. We write this as 
LA'SZA. 

If ZA is a straight angle, then the 
straight angle at A’ with one side r’ is the 


15. 


16. 


17. 


18. 


only angle with one side r’ congruent to 

angle A. 

a) ZASZA. 

b) If ZASZB, then ZB=&ZA. 

c) If ZASZB and ZB=&ZC, then 
LASZLC. 

If, in the figure below, any two of the pairs 

ZA and ZA’, ZB and ZB’, ZC and ZC’ 

are congruent, then the third pair of angles 

are congruent. In other words: 

a) If ZAZA’ and ZB=ZB’, then 


If and ZC=ZC’, then 
LALA’. 

ec) If and ZAS&ZA’, then 
ZB=ZB’. 


The angle A may be a straight angle. 

If for AABC and AA’B’'C’, AB2A'B’; 
AC&A'C’, and ZAZA’, then ZB=ZB’ 
and ZC=ZC’. 


THE PARALLEL POSTULATE 


Through a point not on a line there is no 
more than one line parallel to the given line. 


Below are listed some of the definitions 


approximately as they are stated in the 
text. In conventional texts most of the 


de 
or 


finitions given here are either omitted 
are replaced by nonmathematical de- 


scriptions which appeal to the students’ 
intuition alone. 


2. 
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SoME DEFINITIONS 


A geometric figure is any set of points in the 
plane. 

If A and B are any two points on a line, 
then the set of points consisting of A and B 
and all the points between A and B will be 
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called the line segment (or segment) deter- 
mined by A and B. The segment will be 
indicated by AB. The points A and B are 
called the ends of the segment. 


3. If A, B, C are three points not all on a line, 


the set of points of the segments AB, BC, 
AC is called a triangle. We call the points 
A, B, C vertices, and the segments AB, AC, 
BC, sides. The triangle will be denoted by 
AABC. We read the symbol AABC as 
“triangle ABC.” 

. If Oisa point of alinel and A and B are two 
other points of 1, then we say that A and B 
are on the same side of O if O is not between 
A and B. We say that A and B are on oppo- 
site sides of O if O is between A and B. 

A ray from O, or a ray with end 0, is a set of 
points consisting of O and all the points on 
one side of O of a line 1 through O. 

>. The set of all points on two rays from a 
point O is called an angle. The point O is 
called the verter of the angle, and the two 
rays are called the sides of the angle. If the 
two rays are on the same line, the angle is 
called a straight angle. 

. Consider an angle, ZAOB, not a straight 
angle. The interior of Z AOB is the set of all 
points that are both on A’s side of line OB 
and on B’s side of line OA. 

The exterior of the angle is the set of all 
points in the plane which are not points of 
the angle and are not in the interior of the 
angle. 

. Two angles are adjacent to one another if 
they have a common side and vertex and 
have no common interior points. 

. Let AB be any segment and A’B’ any seg- 
ment on a line /’. On the same side of A’ as 
B’, let B’’ be the point such that AB2A’'B”. 
If B’ is between A’ and B”’ we say that 
AB>A'B’. If B’’ is between A’ and B’ we 
say that AB<A'B’. 

Two triangles are said to be congruent if 
they can be labeled AABC and AA’‘B’C’ 
such that ABSA’B’, ACZA’C’, BC 
&B’'C’, ZB=ZLB’, ZC=LC". 
We then write AABC=AA’B'C’ and read 
this symbol as ‘‘triangle ABC is congruent 
to triangle A’B’C’.” 

Let P1, Po, -, P, be any set of n points. 
The set of points on all the segments P; Po, 
P2P3,+++, is ealled a polygonal 
path. The path is said to join or connect the 
end points P; and P,. The points P,, 

- , P, are called the vertices. In partic ular 
if P,=P, the polygonal path is called a 
polygon and designated as polygon P;P2, 

P.. 1. 

A circle is determined by a point O, called 
the center, and a positive number r. The 
circle is the set of all points A of the plane 
such that the distance OA=r. If A is a 
point of the circle, then the segment OA is 
called a radius (plural radii). If A and B are 
on the circle, and the segment AB contains 
O, then AB is called a diameter. 

. If a circle has a center O and radius r, the 


interior of the circle is the set of all points B 
such that OB <r. The exterior of the circle is 
the set of all points C such that OC >r. 

. Suppose that with each positive integer n 
there is associated a number z,. The num- 
bers 21, %2,°°*, Zn,*** then form an 
infinite sequence. The number 2, is called the 
nth term of the sequence. 

. The number L is called the limit of the se- 
quence z, if, for large values of n, z, is 
necessarily arbitrarily close to L. We then 
say that L is the limit of the sequence of 
terms zn, and write L=lim zp. 

. The circumference C of a circle is the limit 
of the perimeters, P,, of regular inscribed 
polygons, C=lim py. 

. The number C/d, which is the same for all 
circles, will be denoted by the Greek letter 
T (pi). 

. The area S of a circle is the limit of the 
areas of inscribed regular polygons. That is, 
S=lim S,. 

9. Given a circular are, let 1, be the length of a 
regular polygonal path of 2” sides inscribed 
in the arc. The length | of the arc is defined 
to be the following limit: /=limit /,. 

. On a circle of radius r an are of length 
1/90: rr/2 is subtended by a central angle 
of one degree (1°). 

. If on a circle of radius r a central angle sub- 
tends an are of length L, then the measure 
of the angie in degrees is (L/xr) - 180°. 


The theorems listed below are included 
for the most part because they are either 
postulated or ignored in conventional 
texts. By “ignored”’ it is meant that the 
truth of the theorem is assumed upon the 
basis of intuitive evidence presented by 
physical objects—perhaps without the 
author’s realization that he is making this 
tacit assumption. 

As an example of this, Euclid himself 
assumes without comment in the first 
proposition of Book 1 of The Elements that 
if AB is any segment, the circle with 
center at A and radius AB intersects the 
circle whose center is B and radius BA. 
There is no evidence that Euclid was con- 
scious of the need for a geometric assump- 
tion here. He was deceived by his draw- 
ings. Another serious omission in the origi- 
nal Euclidean postulates resides in the 
omission of postulates of order, relating to 
the relation of betweenness. 

Of course most of the theorems in the 
Ball State geometry are conventional, de- 
scribing familiar properties of triangles, 
circles, parallelograms, ete. 
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SoME THEOREMS 


1. Two different lines intersect in, at most, one 

point. 

. There are at least three lines in the plane. 

3. Let O be any point of a line 1. The point O 
separates the line into two sets, called the 
two sides of the point O on the line, having 
the following properties: 

a) If P and Q belong to the same side of O, 
then either P is between O and Q, or Q is 
between O and P. 

b) If P and Q belong to different sides of O, 
then O is between P and Q. 

4. If P and Q are both in the interior of 20, 
then the segment PQ is in the interior of Z 0. 

5. A ray r, from O, other than r; or re, lies ex- 
cept for its endpoint O either completely in 
the interior or completely in the exterior of 

6. If P is in the interior of ZO and Q is in the 
exterior of ZO, then the segment PQ con- 
tains a point of the angle. 

7. If AB and A’B’ are any two segments, then 
AB>A'B’', or AB=SA’B’, or AB<A'B’, 
and exactly one of these holds. 

8. If AB>A’B’, then A’B’<AB, and con- 
versely. 

9. If AB>CD and CD2EF, then AB>EF. 

10. If ABA’B’, then AB=A’B’. 

11. If AB=A’B’, then 

12. For any two angles ZA and ZB, ZA <B, 
ZAZZB, or ZA>ZB, and exactly one of 
these is true. 

13. Allright angles are congruent to one another. 

14. If l is any line and A any point not on J, 
then there exists at least one line on A 
parallel to l. 

15. No matter what unit of length is chosen, the 
ratio of two segments is the same number. 

16. Suppose that circles with centers A and B 
each have radius r>4$ AB. Then these 
circles intersect in two points on opposite 
sides of the line AB. 

17. Exactly one circle is circumscribed about a 
regular polygon. 

18. Two regular polygons are similar if and only 
if they have the same number of sides. 

19. For a given circle let p, be the perimeter of a 
regular polygon of n sides inscribed in the 
circle. The numbers p,, n=3, 4, 5,°°-, 
form a sequence which has a limit. 

20. The ratio C/d (circumference to diameter) 
is the same for all circles. 

21. If two central angles are congruent, they 
subtend ares of equal length. 


to 


CONCLUSION 


When we began our experimentation we 
were fully conscious that a mathematical 
program which places emphasis upon logi- 
cal reasoning and presents the austere se- 
quence of postulate, definition, and proof 
may discourage many students from con- 
tinuing their study of mathematics. We 


rather expected an increase in the drop-out 
rate both at the end of the first year of 
algebra and at the end of the geometry. 
However, we felt that from here on drop- 
outs should be far fewer than in the past 
and that as a net result more students 
would proceed successfully to the study of 
advanced mathematics. Every teacher of 
college mathematics knows how many 
high school students flounder pathetically 
through three or four years of high school 
mathematics and come to college with al- 
most no chance for success in college 
mathematics. 

Rather surprisingly, at this time there 
is no indication that the drop-out rate has 
increased because of our experimental pro- 
gram. We cannot yet judge the signifi- 
cance of this fact. Certainly we find in our 
third- and fourth-year mathematics courses 
students who, by our standards, should 
not be there. We look forward with par- 
ticular interest to our students’ perform- 
ance at the college level. 

It seems to be no more difficult to teach 
a bright fourteen-year-old student in 
grade 9 what it means to make a correct 
mathematical proof than it is to teach a 
bright twenty-year-old college junior. In 
some respects the task is easier with the 
fourteen-year-old. In general, the teachers 
who have taught in our experimental pro- 
gram have faced greater problems of ad- 
justment than have the students. Over the 
years a most unfortunate mathematical 
language has developed and has been 
propagated by our texts. This is a lan- 
guage that refers primarily to the symbols 
of mathematics and seldom to the con- 
cepts. It is a language that has been found 
useful in persuading students to perform 
mechanically certain approved manipula- 
tions of symbols. Examples of such lan- 
guage are: 

Similar terms 

Literal numbers 

Evaluation is the process of putting anum- 
ber in place of a letter in an algebraic expression. 

A number preceded by a plus sign is called a 
positive number. 


The absolute value of a number remains 
when the sign is dropped. 
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When adding a column of algebraic terms 
we may add upward and then check by adding 
downward. 

In subtracting and multiplying polynomials 
the vertical arrangement is best. 

Any parenthesis without a coefficient really 
has a coefficient of 1. 

To divide a polynomial by a monomial di- 
vide each term by the monomial uniting the 
resulting quotients by their proper signs. 

A term may be dropped trom either member 
of an equation provided the corresponding op- 
posite term is writien in the other member. 

To square a monomial, square the numerical 
coefficient and give to each literal factor an ex- 
ponent twice as large as the one appearing in 
the original monomial. ; 

Write the square root of each of the two 
squares and connect the results by the sign of 
the remaining term. 

Write the product of the numerators over 
the product of the denominators, removing all 
factors that are common to the two products. 

The value of a fraction is not altered if we 


change any two of the three signs associated 
with the fraction. 

This language of put, take, write, con- 
nect, unite, drop, remove, change, transpose, 
cancel, group, combine, arrange vertically, 
check by adding down, etc., is the sort that 
one would use in instructing someone of 
limited intelligence how to perform a 
purely mechanical task. There is no indi- 
cation that concepts are under considera- 
tion. The principal difficulty that teachers 
who have worked with us have faced is 
that our material is concept-centered rather 
than symbol-centered. It is harder to talk 
to students about ideas than it is to tell 
them how to arrange marks on paper, but 
in the long run it leaves one with a better 
taste in his mouth. 


Have you read? 


Joun W. ‘Carry-Over,” 

Mathematics Magazine, May-June, 1959, 

p. 264. 

Do you have time to read one page? If so, 
read this article and think about the contribu- 
tion of mathematics in the field of problem- 
solving. The author says students are inclined 
to leave “Given,” ‘‘To Find” and “Solution” 
behind at the conclusion of their mathematics 
course. How can one teach so that this doesn’t 
happen? It is simple, according to the author— 
the teacher applies the problem-solving method 
to all problems he meets in the classroom and 
out. Read the article and then try to follow its 
advice.—Philip Peak, Indiana University, 
Bloomington, Indiana. 


Boyer, C. B. “Descartes and the Geometriza- 
tion of Algebra,” The American Mathemati- 
cal Monthly, May, 1959, pp. 390-393. 
Today we hear much about the integration, 

reorganization, or tying together of all mathe- 


matics. The author of this article shows that 
such activity is not new to mathematics. 

Your students will know of Descartes. They 
will be interested to know that he thought ge- 
ometry had too many diagrams which fatigue 
the imagination, while he considered algebra to 
be an obscure art which embarrassed the mind. 
Therefore, he proposed to free geometry of dia- 
grams through algebraic procedure and to give 
meaning to algebra through geometric interpre- 
tation. A great and radical step in his day, this 
was the beginning of the great reform in mathe- 
matics. 

Descartes was convinced that all mathemati- 
cal sciences proceed from the same basic princi- 
ples. Using lines to represent all magnitudes 
enabled Descartes to transcend three dimen- 
sions and brought in the idea of unlimited ex- 
tension. Your advanced students will read this 
and begin to see the structure of mathematics.— 
Philip Peak, Indiana University, Bloomington, 
Indiana. 
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Some observations on 


mathematics curriculum trends 


REV. D. B. SMITH, Saint Louis Priory, Creve Coeur, Missouri. 
Is modern abstract algebra a suitable subject 
for secondary school students? Is calculus a suitable subject 


AT THIS TIME, when the mathematical 
education of the youth of the country is 
being subjected to such close scrutiny and 
is the object of so many recommendations, 
it may be of interest if yet one more point 


of view is put forward. The writer is only . 


in his second year of teaching in this 
country and has had only this period in 
which to find his bearings in the educa- 
tional world here. His views can therefore 
claim no respect from the more wise, but 
perhaps for this very reason it may be of 
interest to read of one teacher’s first im- 
pressions of the present mathematical 
situation and of the suggested improve- 
ments in the high school program for col- 
lege preparatory mathematics. If the 
judgments tentatively put forward in this 
article are found to be invalid, they do at 
least spring from what may be an unusual 
viewpoint, that of one who has but re- 
cently come to this country, and it may 
be well that the situation should be seen 
and discussed from as many points of view 
as possible. 

Before discussing the high school cur- 
riculum, it is perhaps worth putting on 
record without comment some of the early 
impressions of one who had been used to 
teaching mathematics in another educa- 
tional framework. There was, first, a 
sense of relief in the discovery that sec- 
ondary education was not fettered by the 
tyranny of an examination system which 


for secondary school students? 


in England is always in danger of becom- 
ing an end rather than a means. It was re- 
assuring, too, to find that institutions of 
higher learning were determined not to 
dictate to the high schools, but to leave 
them as free as possible to follow what 
seemed the best course for the individual 
school. To be sure, this freedom from 
standardization has its own dangers and 
drawbacks, notably that the colleges can- 
not presume any uniform standard of at- 
tainment in their freshmen, so that there 
must be the danger of a good deal of repe- 
tition in first-year college work. Then 
there, were some early surprises concerning 
the traditional mathematical program. 
First, it seemed strange to find that a 
whole year was devoted to one branch of 
mathematics to the exclusion of all others, 
and then another year to a second branch, 
and so on; instead of teaching them con- 
currently, so that no boy would have to 
pick up the threads of algebra in his 
junior year, having done none for fifteen 
months. A second surprise was to find that 
geometry was apparently stiil being widely 
taught directly from the Elements, even to 
the use of archaic translations, a practice 
which I had thought had been generally 
abandoned toward the end of the nine- 
teenth century. One other point may be 
mentioned: college textbooks on analytic 
geometry seem to be concerned mostly 
with conics having equations with numeri- 
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cal rather than literal coefficients, and the 
bulk of the examples deal with the rather 
mechanical problem of finding the foci, 
axes, etc., of such conics, or the inverse 
problem, rather than with proving results 
using polar and other general properties 
of conics, which require some geometrical 
insight. 

The foregoing remarks are not strictly 
relevant to the general purpose of this 
article, and there are of course many 
other differences of detail between Ameri- 
san and British teaching of mathematics. 
These points have simply been made by 
way of example. Since the suggestions to 
be put forward in the remainder of this 
article are not based on any authority, it 
may be best to be quite frank in the use of 
the first person. I may say, therefore, that 
I feel some concern about present trends 
in the reform of the high school mathe- 
matics program. It seems to me that there 
is a real danger that a heavy emphasis on 
logical formalism may have a stultifying 
effect on the immature student. ‘Every 
man is a Microcosm,” wrote Sir Thomas 
Browne; and in a somewhat similar way 
the mathematical development of every 
' student may be seen as, to some extent, a 
repetition in miniature of the historical 
development of mathematics. 

The parallel cannot of course be pushed 
too far. Many topics which received much 
attention in the past are no longer of 
much interest or profit, and have rightly 
been discarded. Nor would it be sensible to 
insist on early methods when later ones 
have proved to be of greater ease and 
power. It would, for instance, be absurd 
nowadays to make a first approach to the 
study of the conics by way of the works of 
Apollonius. 

I am convinced, nevertheless, from my 
teaching experience that it is a mistake in 
the early stages of any branch of the sub- 
ject to become too involved in the logical 
foundations. Not that one should ever 
allow students to do slipshod work, nor, 
for example, allow them to be satisfied 
with a misty vagueness about infinitesi- 


mals, those “ghosts of departed quanti- 
ties’ at which Bishop Berkeley sneered. 
No; one must of course always insist on a 
degree of accuracy consistent with the stu- 
dent’s development, as well as on a sense 
of style. But I do feel that too great a zeal 
about the logical basis is misplaced in the 
early stages of a student’s mathematical 
development. After all, the thorough in- 
vestigation of the foundations of mathe- 
matics is historically a late development 
of the last hundred years; and it is in this 
sense that I feel the individual’s progress 
must be, to some extent, parallel to that 
of the subject itself. Intuition and logie— 
using these words in a “popular” and in- 
exact way—both have their part to play, 
and the latter, in its rigorous form, re- 
quires the greater maturity of mind. 

An example will illustrate this. In the 
overspecialized English educational sys- 
tem, high school students with marked 
mathematical ability have the opportu- 
nity of studying relatively ‘advanced” 
topics. When I first began to teach pro- 
jective geometry from the synthetic point 
of view, my inexperienced enthusiasm was 
not satisfied with the standard school text- 
book then in use, in which the subject was 
introduced on a metrical basis (metrical 
definition of cross-ratio, etc.). I tried to 
put before the students a truly nonmetri- 
cal axiomatic projective geometry, but I 
soon realized that this was a mistake. 
Boys of sixteen or seventeen years of age 
have not the maturity for this sort of ap- 
proach. Paradoxically, they become be- 
wildered by the very simplicity of it. On 
the other hand, if one is prepared to allow 
metrical considerations in the introduction 
to the course, one can very soon get away 
from explicit reference to them as progress 
is made, and these same boys are then 
capable of producing work on projectivi- 
ties, involutions, and the projective conic, 
which has all the elegance that one associ- 
ates with pure projective geometry. When 
they go to the university it is time enough 
for them to turn back to re-examine the 
fundamental assumptions. In this way the 
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individual’s development follows the his- 
torical development of the subject in its 
broad outlines. 

This example of projective geometry is 
of course irrelevant in the context of the 
American high school, but it does perhaps 
illustrate the point which I feel rather 
strongly. In recent times the influence of 
the mathematical logician has become 
very strong, and I think that too great an 
emphasis on formalism in the early stages 
of mathematical development could be a 
real danger in hampering the spirit of in- 
genuity and enjoyment which should be a 
driving force for the young student of 
mathematics. I repeat that this is no plea 
to allow slovenly proofs, much less any 
meaningless “learning by rule,” but I do 
think that excessive formalism may stifle 
the power of insight and initiative, and 
lead to boredom. 

There now appears to be a welcome 
trend away from such excessive formalism 
in the teaching of elementary geometry, 
but I wonder whether there is not a danger 
that it will be transferred to the teaching 
of algebra. With Professor Sawyer,* I 
doubt that the effort to be “modern” is a 
solution to all problems. My feeling is: let 
us encourage the high school student to 
get on, to make progress in building up his 
mathematics. The proper moment for a 
really close scrutiny of the foundations of 
this edifice is at the university, when 
greater maturity has been achieved. The 
outstanding impression made on the new- 
comer here is of the students’ need to 
learn initiative and not to have to be told 
what is the next step to be taken, and I 
am not persuaded that in some of the 
recommendations put forward the high 
school student would be capable of doing 
anything more than follow the teacher. 

I know from experience that able and 
well-prepared ninth-graders are capable of 
beginning calculus, and not as a meaning- 
less mechanical procedure, but of studying 
it with a reasonable degree of accurate 


* Tue Matuematics Teacuer, LI] (April 1959), 
p. 272. 


Some observations on mathematics curriculum trends 


statement, which of course can be refined 
as they progress through high school. In 
their later high school careers—I am 
speaking of those with marked mathe- 
matical ability—they are capable of rela- 
tively advanced work in analysis and 
algebra, as well as in various methods of 
geometry, both pure and analytic, such as 
inversion, elementary synthetic projective 
geometry, and the use of general homo- 
geneous coordinates. I am not suggesting 
that in a well-balanced educational pro- 
gram there would be time to study all 
these mathematical topics. My point is 
rather that, whereas the superior student 
of high school age is capable of making 
great progress, I doubt that he is ready for 
a heavy emphasis on what may seem to 
him the arid logical foundations of any 
branch of the subject. I am skeptical that : 
such a student would be enthusiastic 
about the need to take a dozen steps in 
proving that, if a=b, then —a=—b. 

It seems to me that the search for struc- 
ture is something that should begin rather 
late in the mathematical development of 
the individual, just as it did in the history 
of the subject. It seems to make better 
sense to wait until the young mathema- 
tician has had considerable experience in a 
number of branches of the subject before 
he is put to studying unifying principles 
which will then enable him to appreciate 
how the various branches often dovetail 
into each other, rather than to have him 
study such principles “‘in the void” before 
he can understand what precisely it is that 
they unify. 

I have only a rudimentary acquaintance 
with group theory, but I can see what 
exciting possibilities it puts before one 
who has had experience of, say, matrix 
algebra, the geometry of Euclidean, affine, 
and projective transformations, as well as 
of number theory; prior to such experience, 
however, might it not seem a very barren 
abstraction to the immature student? 
True, it is suggested that geometrical ex- 
amples of transformation groups be put 
before the student, but I wonder whether 
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his geometrical knowledge is not so slight 
after only the present tenth grade work as 
to render such concrete “realizations” of 
much less value than they would be at a 
later stage. Mathematics as the study of 
structure is a late development, and prob- 
ably it could not have come about much 
earlier; it seems to me that the individual 
likewise needs to have made considerable 
progress in several branches of the subject 


before he can appreciate the more refined - 


processes of abstraction which lead to a 
view of mathematics as a network of for- 
mal relations. 

It may be only lamentable conservatism 
that makes me doubt whether the early 
introduction of the language of sets will 
prove to be a cure for many weaknesses. 
Perhaps it will be a useful means to under- 
standing if it can really be integrated into 
the elementary course, but I confess I have 
seen no successful attempt as yet. Without 
it, students can still be brought to under- 
stand what they are doing and to see some- 
thing more in their work than the applica- 
tion of meaningless rules, and here of 
course a true notion of variables is essen- 
tial—this can be secured without recourse 
to the somewhat exotic methods some- 
times recommended. Fundamentally, the 
most important thing is to stimulate the 
initiative of the student, to reply to each 
of his questions by another question, in the 
Socratic manner, until he comes to see for 
himself the solution of his original prob- 
lem. 

What has been written above may seem 
at once both reactionary and revolutionary: 
reactionary, because of my skepticism 
about the suitability of modern abstract 
algebra as a high school subject; and revo- 
lutionary, because of my conviction that 
calculus can be begun in the eleventh 
grade at the latest. It may simply be that 
this dog is too old to learn new tricks; and, 
indeed, much of what has been written 
may bea tilting at windmills, since the Re- 
port of the Commission on Mathematics 
does not put such heavy emphasis on the 
logical foundations as one has read in the 


suggestions of some other writers. All the 
same (and of course I am only considering 
students with considerable mathematical 
ability), I do feel that calculus is easier and 
more stimulating to students of high 
school age than is abstract algebra. As I 
say, there is no reason for calculus, even at 
first, to be a mere collection of rules for 
solving particular types of problems; the 
student’s grasp of the justification for the 
procedures is gradually deepened as he ap- 
proaches what may more properly be 
called analysis. It is difficult to see, inci- 
dentally, how a satisfactory physics course 
can be given without elementary calculus 
as a tool. 

It is true that it would not be possible to 
make any sudden and drastic change in 
the program, and the reforms that one has 
heard proposed have had to be kept rea- 
sonably within the present framework. 
Moreover, it would not be possible to in- 
troduce the high school student of superior 
mathematical ability to the calculus as 
long as the beginning of algebra is delayed 
until the ninth grade. An early start is 
what is needed, but how that can be ac- 
complished with the huge numbers to be 
taught in the grade schools is another 
problem. 

In the school where I am teaching, we 
are fortunate in having small divisions, 
but, on the other hand, the enrollment is 
not large enough to ensure that all the 
boys in a “set” are as nearly equal in 
ability as one would wish. We are now 
taking boys into the seventh grade, hoping 
that they may thereby make considerably 
more progress before graduation in foreign 
languages, particularly, but also in mathe- 
matics. As this is only the fourth year of 
the school’s existence, the mathematics 
program is still in a very experimental 
stage. In general, the present plan is to 
run arithmetic, algebra, and geometry 
concurrently from seventh through ninth 
grades. (Ideally, there would be only a 
very little arithmetic done in the ninth 
grade, but the teachers both of mathe- 
matics and of science feel that the arith- 
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metic mastered by our present students 
when they came to us from the eighth 
grade was insufficient.) The tenth-grade 
year, it is hoped, will eventually see the 
more mathematically able boys reaching a 
standard in algebra, geometry, and trigo- 
nometry roughly equivalent to the old 
traditional four-year high school course in 
all but a few topics. 

There would then remain two years for 
further study. Clearly a substantial part 
of this time should be spent on algebra (for 
instance, complex numbers, inequalities, 
theory of equations, permutations and 
combinations, binomial theorem and series, 
and other elementary series after an intro- 
duction to convergence). I would person- 
ally be glad if some time could be found to 
study a little more geometry, because, of 
all elementary mathematics, geometry is 
the easiest branch in which to encourage a 
student’s appreciation of a sense of style. 
(I sometimes wonder whether we are going 
to have to abandon that side of our work 
as educators just because statistics is now 
so important a subject in the modern 


world.) Inversion, for instance, is a good 
example of an elementary type of trans- 
formation; and one might be able to con- 
sider the harmonic properties of the quad- 
rangle, if only as metrical consequences of 


the theorems of Menelaus and Ceva. To- 
gether with the algebraic topics mentioned 
above in parentheses, the students might 
have time in these two years to cover the 
equivalent of a full year’s course in calcu- 
lus and analytic geometry (which, as 
others have suggested, could be at least in- 
troduced a good deal earlier in the course). 
I would like to see analytic geometry 
emphatically treated as geometry, and not 
degraded into a sort of superior graphing. 

All this is a very personal view, and of 
course one must be ready to modify one’s 
decisions according to the requirements of 
the colleges. Moreover, it remains to be 
seen how far this outline of a program may 
prove to be overoptimistic. It will cer- 
tainly remain so as long as the students do 
not learn greater initiative. Even our 
present (and first) seniors have not yet 
learned, despite my fulminations, that 
they should be extending the frontiers of 
their mathematical knowledge largely by 
their own efforts, instead of expecting 
everything to be “handed to them on a 
plate.” And that basically is one of my 
fears about the emphasis on modern ab- 
stract algebra. Able students may be able 
to follow the teacher, but will they learn 
independence and initiative in their math- 
ematics? 


Annual business meeting 


Notice is hereby given, as required by 
the Bylaws, that the Annual Business 
Meeting of the National Council of Teach- 
ers of Mathematics will be held at the 
Statler Hilton Hotel, Buffalo, New York, 
at 4:00 p.m., April 22, 1960. 
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A problem with touching circles 


JOHN SATTERLY, University of Toronto, Toronto, Canada. 
Those who enjoy geometric construction problems will find 
much pleasure in drawing combinations of towching circles. 


THE FOLLOWING problem is illustrated and 
discussed in a few books and journals 
[1, 2].* Given a semicircle A (Fig. 1) of 
radius a and two equal semicircles B and 
B’ with radii b= a/2, it is required to con- 
struct circles C, D, E, F - - + as shown in 
the figure circle C to touch circles A, B, B’, 
circle D to touch circles A, B, C, circle E to 
touch A, B, D and so on. To economize on 
letters, let us use capital letters for circles 
and their centers and the corresponding 
small letters for their radii. 

Circle C. Its size and center can be de- 
rived easily by elementary geometry, for 
center C must by symmetry be right above 
A, and in the right angle triangle 


ABC, AB=b, BC=b-+e, 
AC=a—c=2b—c. 
The Theorem of Pythagoras gives 
BC? = AB?+ AC?... (b+¢)?=b?+ (2b—c)? 
whence c= 3b= 3a and AC = 32a. 
GENERAL SOLUTION 


Casey in his Sequel to Euclid considers 
the problem of describing a circle to touch 
three given circles. The geometrical con- 


Figure 1 


A 
* Numbers in brackets refer to references at the 
end of the article. 


struction and proof are complicated. It is 
much easier to use coordinate geometry 
and the equations of circles. Take A as 
origin, axis of x along AB, axis of y along 
AC. As we proceed we shall write X;, Y; 
for the coordinates of the center of C; Xo, 
Y: for D; X3, Y; for E and so on. 

Circle C. The center of C must be at dis- 
tances a—c, b+c, b+c from A, B, B’ re- 
spectively, so it must be at the common 
intersection of three circles of radii a—c, 
b+c, and b+c whose centers are A, B and 
B’ respectively. Imagine ares of these 
three circles to be described as in Figure 2. 
We proceed to find X,, Y; and ¢ by solving 
simultaneously the three equations of the 
circles: 


that from center A, 2?+y?=(a—c)? 
that from center B, (x—b)?+y?=(b+c)? 
that from center B’, (4+b)?+y?=(b+c)*. 


To make the problem concrete, I shall 
take a=6 units of length—cms. or half- 
inches are convenient for the draftsman. 

The equations of the three circles are 
now: 


that with center A, 2?+y?=(6—c)? (1) 
Figure 2 


| 
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Figure 3 


that with center B, («—3)?+y* 

=(3+¢)? (2) 
that with center B’, (c+3)?+y7 

=(3+c)? (3) 


Solve for X, Y, and c. From equation (2) 
and (3) we get X;=0 (also obvious). On 
substitution in equation (1) we get Y' 
=(6—c)* and on substitution in equation 
(2) we get 9+Y,;?=(3+c)*. Therefore 
c=2 units and Y,=4 units. 

Circle D. The center of this circle must 
be at distance d from the circles A, B and 
C, so imagine ares described as in Figure 
3 from A, B and C with radii 6—d, 3+d, 
and 2+d. The value of d must be found, 
giving the common intersection D. The 
equations of the three dotted circles are: 


that with center A z*+y?=(6—d)? (4) 
that with center B (x—3)?+7? 

=(3+d)? (5) 
that with center C 2?+(y—4)? 

=(2+d)? (6) 


The solution of these equations gives (I 
omit the algebra) X,=6—3d, Y2=6—2d 
and d=1 or 3. The value 3 evidently refers 
to circle B’ and the value 1 to circle D. 
Hence and Y;=4 units. 

Note: It so happens that center D is 
right above center B, so that ABDC is a 
rectangle, the “curious rectangle’ of some 
writers [2]. 

Circle E. The center E must be the com- 
mon intersection of three circles of radii 
6—e, 3+e, 1+e described from centers 


A, B, D respectively. Therefore, to get e, 
use the following three equations for these 
circles: 


that from center A, 2°+u°=(6—e)? ~— (7) 


that from center B, («—3)?+7? 
=(3+e)? (8) 
that from center D, 
=(1+e)? (9) 


Their common solution gives X;=6—3e<, 
Y;=3+4e and e=6/11 or 2. The value 2 
refers to circle C and the value 6/11 to 
circle E, whence X;=48/11 and Y;=36/11 
units. 

Circle F. The method of solution is now 
established. The three circles required 
have the equations: 


that from center A, z?+y°=(6—f)? (10) 
that from center B, (x—3)?+y* 
=(3+f)? (11) 
that from center F, (x—48/11)? 
+(y—36/11)?=(6/11+f)? (12) 


Their solution gives X,=6—3f, Y4= 
+2f and f=} or 1. The value 1 refers to 
circle D. Therefore, for circle F, f=}4, 

4=5 and Y,=8/3 units. 

Circles G, H. etc. These can be found in 
the same way. 

These results are tabulated in Table I. 
A few words about the right-hand half of 
the table will be given later. 

The centers B’, C, D, E--- fall very 
nearly, but not quite, on the semicircle de- 
scribed on diameter B’Z where Z (Fig. 1) 
is the extreme right of the semicircle B. 

On further reference to the published 
literature (and it is curious that one often 
looks up the publications after working out 
the problem), we find: 

(1) Casey gives “Diameters of circle 


n 


C,D,E---= 
where n=1, 2, 3--- for circles C, D, 
E See Table I, column 7 for verifica- 


tion. 
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TABLE 1 


CooRDINATES 
OF CENTER 


CIRCLE 


(a=6) 


Rapius R Numasr 


CIRCLE, n 


a 


OF (n?-+2) 2nR 
(a =6) 


-3 
Cc 0 4 2 
D 3 4 1 
48/11 36/11 6/11 
F 5 8/3 1/3 


0 6/2 0 3 
1 6/3 4 0 

2 6/6 = 3 

3 6/11 36/11. 48/11 
4 6/18 8/3, 5 

5 6/27 20/9 16/3 


(2) A. A. Krishnaswami Ayyanger 
states, “If three semicircles of radii a, a/2, 
a/2 be each in contact with the other two 
as in Figure 1, and circles be drawn so that 
the first of them touches all the three semi- 
circles, the second touches the first and the 
two semicircles as in the figure, and so 
on, then the radius of the nth circle 
=a/(n?+2). See Table I, column 6 for 
verification. 

The results of (1) and (2) can be ob- 
tained by the use of the theorems of the 
geometrical process called “‘inversion.’”’ By 
this use Professor Barnes, one of my col- 
leagues, has obtained (1) and (2) and also 
that X,=a—3R. See Table I, column 8. 
If we denote by Z, the distance of a center 
from an ordinate at the extreme right of 
Figure 1 we have Z,=3R. 

(3) Rollett remarks that Professor 
F. Soddy [3] (the inventor of the term 
isotope which is so familiar to us today) 
stated in 1936 that: 

“Tf four circles are mutually tangential 


and if one of the circles is touched inter- 
nally its radius must be taken as nega- 
tive.”” The statement was made in a poem 
called ‘“The Kiss Precise.” Proof was not 
supplied. 

Subsequently, in a letter to a professor 
of mathematics Soddy wrote, “As you 
know I am no mathematician and my Kiss 
Precise and The Hexlet which you quote 
were tours de force hammered out by sheer 
algebra and luck. They depended on the 
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reduction of a biquadratic equation of, I 
think, 23 terms to a quadratic by a trans- 
formation I have never really under- 
stood.” 

As an example of the use of Soddy’s 
Theorem take the circles A, B, B’, C of 
Figure 1. Here 


- ( 
and 


1 ) +) 1 
radius’) \36'9 9 4/ 2 
A cognate problem is to fit circles P, Q, 
R,---+ (Fig. 4), the P circle to touch 
circles B, B’, C, the Q circle to touch circles 
B, B’, P and so on. Obviously the X of all 
centers equals zero. 


As before, to get the P circle we must 
use equations of the three circles: 


that from center B, (x—3)?+y* 
=(3+p)? (13) 


Figure 4 
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that from center B’, (x+3)?+y? 
=(3+p)? (14) 

that from center C, z?+(y—4)* 

=(2+p)? (15) 


The solution of these equations gives 
Yp=2—pand p=4/10 whence Y p= 16/10. 
Soddy’s Theorem and Equation (23) ap- 
plied to the circles B, B’, C also give 
p=4/10. 

Proceeding as before for the Q circle we 
have the three equations: 


(16) 
(17) 
(18) 


and the solution is g=12/70 and Ye 
=72/70. 

We now make Table II for these circles. 

We note, that, as shown in column 5, the 
radii of successive circles are given by the 
empirical expression, radius =6/(4n?—1), 
and that Y,=2nR as before. These results 
are, I think, new. 

As a further example we calculate the 
details for a circle V which touches circles 
B, C, D (Fig. 5). The three equations are: 


for circle of center B, (x —5)*+y* 

=(3+v)? (19) 
for circle of center C, z*+(y—4)? 

=(2+»)? (20) 
for circle of center D, (c—3)?+(y—4)? 

=(1+v)* (21) 


Their solution gives X,=2+0/3 Y, 
=3+0/2, and v= —6 or 6/23. The —6 re- 


TABLE II 


Rapivus R 


(Take a =6) 


Figure 5 


fers to circle A. Circle V therefore has: 
X,=48/23, Y.,=72/23, v=6/23=0.261 
-. We could, of course, have used 
Soddy’ s Theorem or Equation (23) for v. 
It is worth noting that the incenter of 
the ABCD is at the point (2, 3) so that the 
center of circle V does not coincide with 
this incenter. Only when the three circles 
touching the inner circle externally and 
touching each other are equal do these two 
points coincide. 


a 


9 
4n?—1 
(a=6) 


2 

P 16/10 4/10 
Q 72/70 12/70 
R 16/21 2/21 
Ss 2/33 


1 6/3 4 

2 6/15 24/15 
3 6/35 36/35 
4 6/63 48/63 
5 6/99 60/99 
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Proor or Soppy’s THEOREM 
If O (Fig. 6) is any point within a tri- 
angle ABC, O is joined to A, B and C, and 
the angles BOC, COA, AOB, be denoted 
by a, 8, and y, this equation, which can 
readily be proved by elementary trigo- 
nometry, is true. 


1 —cos? a—cos* 8—cos* 


+2 cos a cos 8 cos y=0 


In our case (Fig. 6) let O be the center of 
the fourth circle touching externally the 
three circles whose centers are A, B and C, 
each of which touches the two others so 
that each circle of the four touches the 
three others. 

Then AB, BC, CA equal a+b, b+e, 
c+a respectively, also OA, OB, OC equal 
r+a,r+b,r+c respectively. 

The well-known cosine equation of a 
triangle gives 


BC?=O0B?+0C?—20B-0OC cos a 
hence 


(r+b)?+ (r-+e)?— (b+)? 


cos a=— 


2(r+b)(r+e) 
r?+rb+re—be 


r+rb+re+be- 


Similarly for cos 8 and cos y. 

The values for the cosines may now be 

substituted in Equation 22. To simplify, 
multiply by { (r+a)(r+b)(r+e) } 2 expand 
the terms—a tedious piece of work giving 
expressions of 23 terms in r®, r°, r4, - 
On addition the terms in r°, r°, r4, r? vanish 
(by a mathematical miracle) leaving only 
terms in r?, r and a, b, ¢ which, by a little 
manipulation, can be thrown into the 
form given by Soddy’s Theorem. 

If, instead of using the inside fourth 
touching circle, we use the outside fourth 
touching circle of center O’ and radius R 
the corresponding proof to the above leads 
throughout to the same expressions, but 
with —R substituted for r. This is because 
while the r-circle is touched externally by 
the circles A, B, C the R-circle is touched 
internally by these circles. 


The quadratic equation in the radius ob- 
tained near the end of the proof of Soddy’s 
Theorem may, of course, be solved by the 
ordinary treatment of quadratic equa- 
tions. It yields: 


Radius of the fourth touching circle 


abe 
=—- (23) 
(ab+be+ca) +2} abe(a+b+e) 


The second term in the denominator is 
larger than the first term. If the positive 
sign before the second term is taken, the 
radius is r, the radius of the inside touch- 
ing circle. If the negative sign is taken, the 
radius is R, the radius of the outside 
touching circle. R is algebraically negative 
for the reason given above. 

Equation (23) is more convenient for 
the calculation of r and R than is Soddy’s 
expression. As Soddy, however, points out 
in his poem “The Kiss Precise,” his theo- 
rem for touching circles leads on to a simi- 
lar theorem for touching spheres. It may 
be mentioned here that equation (23) is 
given as a problem in Hobson’s Trigo- 
nometry [4]. Neither Soddy’s expression 
nor Equation (23) gives the position of the 
centers of the touching circles, whereas the 
coordinate geometry treatment above for 
the problem cited furnishes this informa- 
tion. 


RINGS OF CIRCLES 


H. G. Forder [5] in his Geometry, page 
23, says, “If we have two (nonconcentric) 
circles A and B one inside the other and 
circles are drawn touching them and one 
another as in Figure 7 (our figure) it may 
happen that if we continue the ring of 
touching circles the last one touches the 
first and the ring closes. If this happens 
once it will always happen, whatever be the 
position of the first circle” (Steiner). 

What conditions must exist between the 
radii of the two original circles and their 
positions in order that this may be so? 

On making a few drawings I found that 
the ring would be closed if the outer circle 
A has a radius of 10 units, the inner circle 
B a radius of 3 units, and the circum- 
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TABLE III 


CIRCLE NUMBER Rapius 


d=.40/11 
e=40/17 
f =40/20 


ference of the inner circle passes through 
the center of the outer circle (Fig. 7). 

The details for the touching circles C, 
D (and D’), E (and E’), and F in the ring 
of circles were worked out as above and are 
given in Table III where point a is taken 
as origin, axes as before, and X, Y are the 
coordinate of their centers. 

Always X = }(50—13X Radius) or Ra- 
dius=1/13 (50—3X). For circles D and 
E, Y= V/3X Radius. The relation between 
n and the radii of C, D, E, F is not obvious. 
The radii of F, B, C are 2, 3 and 5 which 
form an a triplet in the Fibonacci series, 
but I have found no other of these triplets 
giving closed rings. Figure 8 shows, for the 
same pair of main circles of centers A and 
B, another set of touching circles bearing 
out Steiner’s remark, that once the chain 
of circles is found to be closed it does not 
matter where the chain is begun. 

Teachers and lovers of practical geome- 
try will have much pleasure in drawing 
other combinations of touching circles. 
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What is a function? 


G. N. WOLLAN, Purdue University, Lafayette, Indiana. 
The function concept, a concept with many connections 
to other concepts, needs careful study by teacher and student. 


THE MATHEMATICAL concept to which we 
give the name function is almost as all-per- 
vasive in mathematics as the concept of 
number. It appears, implicitly at least, 
very early in the learning of arithmetic 
and plays an increasingly important role 
as one’s study of mathematics progresses. 
By the time a student is working on calcu- 
lus, the funetion concept occupies the cen- 
ter of the stage, and from that point on it 
continues to play a leading role. 

In the twenty-third yearbook of the Na- 
tional Council of Teachers of Mathemat- 
ics [1]* there is a chapter on functions 
written by Professor Rudolph E. Langer 
of the University of Wisconsin. The pur- 
pose of this volume is “to provide refer- 
ence and background material for both 
the content and the spirit of modern 
mathematics.’’ Each chapter is an inde- 
pendent unit discussing a branch of 
mathematics, and each is written by a 
recognized expert in that branch. One 
might expect to find in Langer’s chapter 
on functions a carefully stated definition 
of what a function is. However, he gives 
very little attention to a definition, mere- 
ly remarking, more or less in passing, that 
a function is a relation between variables. 
He points out that functions may be repre- 
sented in several different ways, and he 
cites a few of these representations as be- 
ing familiar: viz., the exponential func- 
tion, the logarithm function, the trigo- 
nometric function, and functions which 
arise from the analysis of vibrations. It 
seems to me that there is much to be said 
for this approach to a discussion of ‘‘what 


* Numbers within brackets refer to references at 
the end of the article. 


is a function,” a discussion addressed to 
elementary and secondary school mathe- 
matics teachers. I think this chapter is 
both interesting and rewarding reading. 

At least equally interesting and reward- 
ing, however, is Professor Karl Menger’s 
book, Calculus, A Modern Approach [2], 
which is intended for a similar class of 
readers, and in which there is a somewhat 
different kind of discussion of this same 
question. In a section entitled, ““The Con- 
cept of Function,” Professor Menger cites 
eight illustrative examples beginning with 
this one: “If, with any number, one pairs 
16 times the square of the number (e.g., 
with 0 the number 0, with 1 the number 
16, with 1.5 the number 36), then mathe- 
maticians say that a function has been de- 
fined. More precisely, the class of the pairs 
of numbers defined is called a function.” 
Then he writes: “With the preceding ex- 
ample in mind, the reader can easily un- 
derstand the following general definition: 
If A is a class of numbers, then a function 
with the domain A is a class of pairs of 
numbers such that each number of A is 
the first element of exactly one pair of the 
class.’’ He then gives some more examples 
including some classes of pairs of numbers, 
which are not functions according to this 
definition. 

In Universal Mathematics, Part 1 [3], 
which was written by a small group of 
mathematicians in 1954 from an outline 
prepared by the Committee on the Under- 
graduate Program of the Mathematical 
Association of America, there is a discus- 
sion of the function concept quite similar 
to Professor Menger’s. Here function is 
defined as follows: ‘‘A function is a system 
consisting of two sets, X and Y, and a rule 
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of correspondence which assigns to each 
value of x in X a unique value of y in Y. 
The set X is called the domain, and the 
set of values of the function in Y is called 
the range.”” A more formal statement of 
this definition is also included which de- 
fines a function as a triple {f, A, B}, A 
and B being sets and f being a relation on, 
i.e., a subset of, the product set A XB, 
this latter set being the set of all ordered 
pairs (a, b) where a is a member of the set 
A and b is a member of the set B. Here, as 
in Professor Menger’s book, several exam- 
ples are given to illustrate the definition. 

At Princeton University during the past 
few years the mathematics department 
has been trying to do a more effective job 
of interesting the freshmen in mathemat- 
ies. As part of this effort they chose Pro- 
fessor Emil Artin to teach a special honors 
course to a class of freshmen selected as 
being especially good mathematical pros- 
pects. This course has resulted in a small 
paperbound book, Calculus and Analytic 
Geometry, by Emil Artin [4], which is 
available free from the Mathematical As- 
sociation of America. It was mentioned 
earlier that the concept of function is fun- 
damental in calculus, and indeed there are 
few pages in this little book on which the 
word function does not appear several 
times. Yet Professor Artin almost com- 
pletely sidesteps the question of what a 
function is. There is only this sentence, in- 
cluded in the discussion of the derivative 
of a function: “Thus the slope is a function 
of zx, i.e., there is a rule (perhaps quite 
complicated) by which we can assign to 
each number z of a certain collection (not 
necessarily all x) a single number S(z), 
which is in this case the slope of the curve 
at the given value of x.” 

In a justly famous and still much used 
book, The Theory of Functions of a Real 
Variable, by the English mathematician of 
a generation ago, E. W. Hobson [5], 
there is a very readable discussion of the 
function concept in which one finds the 
following assertion: “It thus appears that 
an adequate definition of a function for a 


continuous interval (a, 6) must take the 
form first given to it by Dirichlet, viz., 
that y is a single-valued function of the 
variable z, in the continuous interval (a, 
b), when a definite value of y corresponds 
to each value of x such that aSxSb, no 
matter in what form this correspondence 
is specified.’”” Hobson’s discussion includes 
generalizations of this definition in several 
ways, e.g., to include more general sets of 
points than an interval (a, b) and to in- 
clude multivalued functions. 

The above illustrations show that 
mathematicians do in fact regard func- 
tions as being what at least appear to be 
different kinds of mathematical objects, 
that is, a relation between variables, a 
class or set of pairs of numbers, a system 
or set whose elements are two sets and a 
relation on, i.e., a subset of, the cross 
product of the two sets, a rule, and a vari- 
able. 

Consider the symbol 2x+3 which in 
high school algebra we would call an alge- 
braic expression. It is customary for us to 
ask the high school student of algebra to 
consider the symbol zx to represent any 
number. Then we ask him to consider the 
symbol 2x+3 to be a statement in mathe- 
matical language which has the same 
meaning as “multiply the number x by 2 
and add 3 to the result.”” This last state- 
ment is also in mathematical language in 
the sense that “multiply” and ‘‘add” have 
technical mathematical meanings. The 
symbol z as here used is an example of a 
variable in the sense in which this term is 
commonly used in mathematics. Any 
other identifiable symbol, such as another 
letter a or f, or such as the sign *, if used to 
represent any one of a set of numbers, 
would also be a variable. Under this inter- 
pretation 2x+3 is an example of a com- 
plete sentence of a particular category or 
class or set to which grammarians attach 
the name “imperative.” If our students of 
algebra were thoroughly familiar with 
English grammar, this might be a useful 
relationship to exploit in teaching algebra. 
In fact, however, its use would probably 
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turn out to be of greater benefit to the 
English teacher than to the mathematics 
teacher. It is nevertheless probably desir- 
able for us to call it to the attention of our 
students. 

We also do in practice ask the student 
to think of the symbol 2z+3 as a variable, 
i.e., as a symbol representing any one of 
the numbers which would be obtained as 
the result of carrying out the instruction or 
rule 2x+3. When we use the symbol 
2x+3, we do not attach a label instructing 
the reader which one of these two interpre- 
tations he should make. We demand that 
he decide from the context which interpre- 
tation is called for. Actually, the situation 
is still more complicated, since we use this 
same symbol in yet other senses even at 
the high school level. 

For example, we often find it irresistibly 
convenient to refer to the number z or to 
the number 2x+3 as if the symbol z and 
the symbol 2z+3 actually were numbers, 
instead of merely symbols which represent 
numbers. 

More significant, perhaps, is the incon- 
trovertible fact that we ask students to be 
able to interpret 27+3 as a function when 
the need arises. The symbol 2x+3 repre- 
sents a relation between variables of the 
kind Professor Langer refers to, in the 
sense that 2r+3 is one variable, x is 
another, and the instruction 2x+3 deter- 
mines the value of the variable 2x+3 for 
each value of the variable z. This same 
symbol is also interpretable as represent- 
ing the set of all number pairs (xz, 2z+3), 
and we do in practice ask the student to 
give it this interpretation when we talk 
about the graph of the function as the set 
of points (x, 2x+3). It seems not to be 
common practice to ask the high school 
student or the freshman or sophomore in 
college to interpret 2x+3 as representing 
a system whose elements are two sets, A 
and B, and a third set which is a subset of 
A XB of a particular kind which we call a 
relation. This of course doesn’t imply that 
we shouldn’t ask for this interpretation. 
For the function 2x+3, the set A is the 
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domain of the function (the set of values 
of x), the set B is the range of the function 
(the set of values of 2x+3), and the rela- 
tion on A XB is the set of number pairs 
(x, 2x+3) which is a subset of the set of 
all number pairs (a, b) in which ais a mem- 
ber of A and b is a member of B. If f rep- 
resents this relation on A XB, then 2x+3 
represents the function {f, A, B}. 

To make things a trifle more confusing, 
just as we cannot in practice resist the 
temptation to refer to (and to think of) 5 
as being a number instead of being a sym- 
bol representing a number, so we refer to 
2x+3 as being a function. Actually either 
interpretation of 5 and also of 2x+3 is 
mathematically sound, but it may never- 
theless be worthwhile to note the logical 
distinction even though in practice we 
tend to ignore it. 

It is also common practice to refer to 
the equation y=2xz+3 as “the function 
y=2x+3” or as “the functional relation 
y =2x+3.” One often also encounters ‘‘the 
function y defined by y=2zxr+3.” It is 
probably clear that one can interpret the 
equation y=2zr+3 as representing the 
same function which we interpreted 2z+3 
to represent. It may not be quite so clear 
just what this same function is. 

The symbols (62+9)/3, 2x+3, 2x—y 
+3=0 and y=2zr+3 are all distinguish- 
ably different from one another. We cus- 
tomarily say these are different repre- 
sentations of the same function. Most of 
us would probably say these are trivially 
different, and especially would we be likely 
to consider (62+9)/3 and 2x+3 to be triv- 
ially different and similarly 2x—y+3=0 
and y=2x+3. However, (6z+9)/3 is cer- 
tainly a different set of instructions or 
rules than 2z+3, and the difference be- 
tween 2x—y+3=0 and y=2zr+3 is suf- 
ficiently nontrivial that mathematicians 
have given special names to the two types 
of representation of function to which 
they belong. The equation 2x —y+3=0 is 
said to be an “implicit”? representation 
and y=2zx+3 is an “explicit” representa- 
tion. The equation 
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is less obviously an implicit representation 
of the same function. This last statement 
is true only if we make an appropriate as- 
sumption as to the set of values of z and 
might well be taken as an example to justi- 
fy the Universal Mathematics definition of 
function which includes an explicit refer- 
ence to the domain of the function. The 
symbol {73,. 2 dt is distinguishably differ- 
ent from the symbol 2x+3 but is as triv- 
ially different a representation of the func- 
tion as (6x+9)/3, although again it is cer- 
tainly a different rule. 

The system of equations dy/dx=2 and 
y(0) =3 is another representation of this 
same function. If we let ¢ represent any 
real number and write r=t, y=2t+3, we 
obtain a so-called parametric representa- 
tion of the function 2x+3. Another slight- 
ly more complicated-looking parametric 
representation is r=log t, y=2 log t+3; 
here, tis a positive number. Thus, perhaps, 
it is clear that the number of possible dis- 
tinguishably different representations of 
even this simple function is infinite. Per- 
haps it is appropriate to note here that, 
although (6r+9)/3 and 2x+3 are differ- 
ent functions, if a function is a rule and 
also if the symbol itself is the function, 
the functions will be equal. This is true 
according to the definition that two func- 
tions are equal if they are defined for the 
same values of x, and if for each x for 
which they are defined their values are the 
same. 

If we define the graph of the function 
f(x) to be the set of points (zx, f(x)), then 
we can represent the function by a picture. 
For example, with reference to a Cartesian 
co-ordinate system, the graph of 2x+3 isa 
straight line with slope 2 and y-intercept 
3, and the picture on this page represents 
the function. This picture is a representa- 
tion of the function in a quite different 
sense, however, than that in which the 
symbol 2z+3 represents the function. The 
symbol 2x+3 is a precise representation, 


, 


and the picture by itself is at best a crude 
approximation. 

Tables are familiar representations of 
functions, e.g., tables of squares, square 
roots, cubes and cube roots, logarithms, 
and trigonometric functions. For the func- 
tion 2x+3 we exhibit a miniature table 
(and we could, of course, construct a big 
one). 


| -3/-1] 1/3] 


This, like the picture, is a crude approxi- 
mate representation of the function 2x+3, 
but it is approximate in a different sense 
from that in which the picture is approxi- 
mate. The function 2x+3 has a value for 
every real number z, and the table only 
shows values at a few discrete points. 
There actually are infinitely many func- 
tions radically different from the function 
2x+3 for which this table would be cor- 
rect. Tables of values of the trigonometric 
and logarithm functions are approximate 
both in this sense and also in the same 
sense as the picture, since with relatively 
few exceptions each tabular value is an ap- 
proximation. 

The symbol 7z—1 is also distinguish- 
ably different from 2z+3. This symbol 
represents a truly different function; yet 
these two functions are closely related in 
what is to us a perfectly obvious way. 
They are both members of a class or set of 
functions which we call linear functions. 
This class exists by virtue of the defini- 
tion: a function is a linear function if and 
only if it is representable in the form 
ax+b where a and b are any numbers. We 
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take the trouble to create this class be- 
cause these functions have certain proper- 
ties that not all functions do have. The 
most familiar of these properties is that 
the graph of any linear function with ref- 
erence to a Cartesian co-ordinate system 
is a straight line. This property is pos- 
sessed by no other functions and is for this 
reason often said to characterize the class. 

If we regard 2x+3 as a variable, its 
range, i.e., its set of values, is the same as 
that of z itself. Thus it can play the role of 
the variable x in the function 7z—1. This 
leads to the symbol 7(2z+3)—1 which al- 
so represents a function, which it is con- 
venient to call a “function of a func- 
tion” or a “composite function.”” Now 
7(2x+3) —1=142+20, so that this com- 
posite function is also a linear function. 
This illustrates another property of this 
class of functions, viz., a linear function of 
a linear function is a linear function. This 
property does not uniquely characterize 
the class because it is property possessed 
also by many other classes of functions. 

This function, 2x+3, is also a member 
of other classes or categories of functions. 
lor example, consider the class of all func- 
tions which are representable in the form 
+a,x""!+ +a, where n is a non- 
negative integer and do, a1, @, are 
numbers. This class we call the polyno- 
mial functions. How does one decide for 
any given function whether it does or does 
not belong to this class? Although the 
definition is very specific, if one recalls 
that any function may be representable in 
an infinite variety of ways, he may be led 
to wonder if it might not at least occasion- 
ally be difficult to reach a decision for a 
given function. 

Such is indeed the case. However, for 
the symbol 2x+3 it is, we would say, per- 
fectly obvious that the function does be- 
long to the class of polynomial functions. 
Among the properties of this class of 
functions there is one that high school al- 
gebra students readily recognize. Inter- 
preting 2x+3 and 7z—1 as numbers, we 
can form the sum, the difference, and the 


product of these numbers. We know that if 
we do this the result can be represented in 
the form +a, with na 
non-negative integer and do, 
some particular numbers. That is, the 
sum, difference, or product of any two 
polynomial functions is a polynomial func- 
tion. Also, as in the case of linear func- 
tions, a polynomial function of a poly- 
nomial function is a polynomial function. 

What is an algebraic function? A pre- 
cise definition can be given very simply 
in terms of polynomial functions. If 
P(x), Pi(x), --+, Pa(x) are polynomial 
functions, if m is a positive integer, if 
P,(xz) is not identically zero, and if y is a 
function such that 


+P,(x) =0 


for all numbers z, then, and only then, y is 
an algebraic function of x. A less sophisti- 
cated statement, but one generally more 
useful for the high school student, is that 
if a function y can be represented by 
means of a formula involving only a finite 
number of algebraic operations (i.e., addi- 
tions, subtractions, multiplications, di- 
visions, and extractions of roots) on x and 
other numbers, then y is an algebraic func- 
tion of x. It is a consequence of a property 
of polynomial equations that not every 
algebraic function (according to the defi- 
nition above) can be represented by such 
a formula. 

It is by no means obvious and not at all 
trivial that the trigonometric functions, 
the logarithm function and the exponen- 
tial function are not algebraic functions. 
These functions, together with the alge- 
braic functions and the composite func- 
tions which can be formed from all of 
these, are the so-called elementary func- 
tions. 
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Letter to the editor 


Dear Editor: 

On page 388 of Tue Matruematics TEACHER 
for May 1959, Professor Hoyt states that he 
would be interested in seeing other proofs of the 
theorem that he has there proved. I offer two 
solutions. 


Let J be the incentre, EF the e-centre op- 
posite A, of the triangle ABC. 

Let the straight line which bisects A in- 
ternally, viz., AJE, meet the circumcircle of 
ABC in D. 

It is required to prove that D is the midpoint 
of IE. 


Proof I: 


CI, CE, being the interior and exterior bi- 
sectors of C, are at right angles. 
Similarly, BJ, BE are at right angles. 
Therefore, the circle on JE as diameter 
passes through B and C. 
Z BEC =supplement of Z BIC 


=ZIBC+ZICB 


Z BDC =supplement of A 
= ZB+ ZC. 


Therefore, D is the centre of the circle BIEC 
and so the midpoint of JE. 


Proof II: 


G B E 


Figure 2 


Let E, F, G be the e-centres opposite A, B, C 
respectively. 

Then, EA, FB, GC are the altitudes of the 
triangle EFG, and I is its orthocentre. 

Therefore, the circumcircle of triangle ABC 
is the nine-point circle of the triangle EFG. 

Therefore, the midpoint of /Z lies on this 
circle. 


Not only does the midpoint of /£ lie on this 
circle but the midpoint of EF does, too. 

We may now combine these results in the 
following theorem. 

The midpoints of the six line segments 
formed by joining in pairs the four points, the 
incentre and the three e-centres of a triangle, lie 
on the circumcircle of the triangle. 

Yours faithfully, 

N. L. Maseyx 

Hutt Valley High School 
Lower Hutt, New Zealand 
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mathematics 


I THINK a more appropriate title for this 
paper would be ‘‘A Program in Mathemat- 
ics for the Academically Gifted Student.” 

First, let us consider something of the 
background of this program. Tulsa is a 
relatively young city with a school popu- 
lation of more than 64,000 in the public 
schools. There are 62 elementary, 15 
junior high, and 7 senior high schools. 
Tulsa operates under the 6-3-3 plan. 

The students of the Tulsa Public 
Schools would compare favorably with the 
average in cities of similar size in this sec- 
tion of the country. We do not have spe- 
cial schools for either the superior or be- 
low-average students. For the handi- 
capped, both physically and mentally, 
special classes are provided. 

As in all cities, schools in different sec- 
tions vary as to economic, social and aca- 
demic background of the school popula- 
tion. You will find as much difference 
among the schools within the city as that 
between widely separated cities. 

Our program is one that any average 
school with an enrollment of 200 or more 
per grade could put into operation. I do 
not think this type of program would 
prove economically satisfactory in a small 
school. 

In the fall of 1954, Edison Junior-Senior 
High School opened its doors for the first 
time. While the junior and senior sections 
are housed in the same building, they oc- 
cupy separate wings and have distinct or- 
ganizations. The combined enrollment is 
approximately 3,700 students. Dr. Hiram 


An experimental program in 
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coy c. pruiITT, Tulsa Public Schools, Oklahoma. 
A description of what one school system is doing 
with the more able students, with some evaluation by follow-up. 


Alexander serves as principal for both 
schools. 

During the fall semester of 1954-55 a 
student transferred to Edison from an- 
other school. He was in the eighth grade, 
and an excellent student. His parents re- 
ported to the advisory staff at Edison that 
their son seemed to be just “marking 
time” in his mathematics class, and asked 
if he could try first-year algebra. 

This student was given an algebra apti- 
tude test with the understanding that if 
his scores were sufficiently high, he would 
be permitted to enroll in a first-year alge- 
bra course. The boy’s score was extremely 
high, so he was enrolled in beginning alge- 
bra. Although he entered a month late, 
he soon became the top student in the 
class. 

Here was conceived the idea that per- 
haps there were many students now en- 
rolled in the seventh grade who were ca- 
pable of going directly into algebra in the 
eighth grade. It was decided to try out this 
program beginning in the fall of 1955. A 
teacher, Mrs. Dorothy Salter, was chosen 
who believed wholeheartedly in such a 
program, and was enthusiastic about it, 
and the machinery was set in motion for 
initiating it. 

Two tests were given to all seventh- 
grade students near the end of the school 
year, the Stanford Achievement Test and 
the California Algebra Aptitude’Test. All 
students ranking at the ninth-grade level, 
or above, on the Arithmetic Reasoning 
section of the Stanford Achievement Test 
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and above the ninetieth percentile on the 
California Algebra Aptitude Test were 
considered eligible for algebra. 

This group was called together by the 
principal and the program was explained. 
Some additional prerequisites were also 
set up. They were as follows: 


(1) The student must be interested in 
mathematics with a planned major in 
this subject. 

(2) He must have the written approval of 
his parents. 

(3) He must have a recommendation from 
his seventh-grade teacher. This recom- 
mendation was based upon work in 
seventh grade, work habits, I.Q., and 
enthusiasm for work. 


Sixty students met the conditions 
listed above. As a result, two classes 
in eighth-grade beginning algebra were 
started in the fall of 1955. The average 
grade level of this group on the Stanford 
Achievement Test in Arithmetic Reason- 
ing was 10.7. On the California Algebra 
Aptitude Test the average percentile was 
93.3. The average I.Q. was 119.0. 

The first three weeks’ work consisted of 
an intensive study of the work normally 
taught in the eighth grade and not taught 
in previous or subsequent courses. The re- 
maining part of the year was the tradi- 
tional work normally taught in first-year 
algebra. 

The Stanford Achievement Test, the 
Lankton First Year Algebra Test, and 
the Co-operative First Year Algebra Test 
were given to these two classes in the 
spring of 1956. (The algebra tests were al- 
so given to the regular ninth-grade alge- 
bra students.) The average score on the 
Stanford Test, Arithmetic Reasoning Sec- 
tion, was 12.0. The average percentile 
rank of the students on the Lankton Test 
was 92.3, and on the Co-operative Test 
95.5. This was considerably higher than 
the scores made by the regular ninth-grade 
algebra students. 

In the ninth grade these experimental 
classes were given the regular second 
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course in algebra. Of the original 60, 53 
were left, seven having moved from the 
city. Content of this course consisted of 
review of basic algebra’; linear equations in 
one, two and three unknowns; factoring; 
fractional and negative exponents; quad- 
ratic equations; determinants; logarithms; 
imaginary and complex numbers; binomial 
theorem; progressions and series, powers 
and roots; mathematical inductions; vari- 
ations; theory of equations; graphs of 
functions in one, two, and three un- 
knowns; and probability. 

The Co-operative Advanced Algebra 
Test was given to this group in the spring 
of 1957, near the completion of second- 
year algebra. The average percentile rank 
of the group was 92.7. 

In the school year 1957-58 this group 
took combined plane and solid geometry. 
There were now 46 in the group. Three 
dropped back to regular work; three did 
not enroll at Edison; and one withdrew 
from school. However, approximately 77 
per cent of the original group finished the 
work in 1957-58. 

Unfortunately, there were no textbooks 
available in which plane and solid geom- 
etry were integrated into a one-year 
course. The teacher in these two sections 
spent about three-fifths of the year on 
plane geometry and two-fifths on solid. 
Both the Co-operative plane and solid ge- 
ometry tests were given to this group in 
the spring of 1958. The average percentile 
rank of the group on the plane geometry 
test was 93.6, and on the solid 94.8. 

As juniors in senior high school this 
group took trigonometry and college alge- 
bra, using a textbook in which the two 
subjects were more or less integrated. The 
average percentile rank of the group on 
the Co-operative Trigonometry Test was 
79.6. 

These students are now seniors and tak- 
ing mathematical analysis with some atten- 
tion to probability and statistical infer- 
ence. Of the original 60 who started in the 
eighth grade 60 per cent remain. 

In the fall of 1956 four classes in eighth- 
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grade algebra were started, and there have 
been four new classes added each year 
since then. The method of selecting the 
students was similar to that in selecting 
the first group. However, this year the 
Iowa Algebra Aptitude Test was given in- 
stead of the California Aptitude Test. 
Also, all parents were called in and the 
program was explained to them indi- 
vidually by the school counselors. 

As a result of the success at Edison, six 
other junior high schools have organized 
classes in first-year algebra at the eighth- 
grade level. This new program seems to be 
working out quite satisfactorily. Everyone 
connected with it seems enthusiastic and 
well pleased with the results. 

According to the present plans, a fol- 
low-up will be made of the college work of 
the members of the first three groups. If 
any do not go to college, they will be fol- 
lowed in their chosen vocation. At present 
100 per cent indicate that they are going 
to college. 

In order that a better evaluation of this 
program can be made, Dr. Hugh Living- 
stone, Director of Research in the Tulsa 
Public Schools, has selected 60 students 
who started in the same class with the ac- 
celerated group but did not take eighth- 
grade algebra. As far as possible these 60 
students were selected so that their grades 
and abilities rankings on tests paralleled 
those of the algebra group. It is the intent 
to compare these two groups as to selec- 
tion of courses, achievement in high school, 
and selection and achievement of work in 
their first two years in college. 

The per cent of the original group that 
remains is rather high, considering the 
economic trends of the past two years. It 
is felt that if 50 per cent of the original 
group remains, it will provide sufficient in- 
formation for a more detailed analysis of 
the value of the program. 

One inportant aspect of this first group 
is that on all tests given they have con- 
sistently outscored those students in the 
regularly enrolled classes. Last year on the 
Quantitative Section of the Iowa Educa- 
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tional Development Test the average of 
this group was the 93rd percentile. 

This program was started before the full 
impact of the pressure for modernizing 
mathematics had begun. Hence, much of 
the content of the various courses has fol- 
lowed more or less the traditional lines as 
to subject matter. However, there is no 
valid reason why this set-up would not be 
ideal for introducing some of the newer 
concepts. 

Dr. Buswell of the University of Cali- 
fornia in a report given at the meeting of 
the National Council of Teachers of Math- 
ematics in Cleveland made the statement 
that many of our elementary children 
could learn all the arithmetic necessary by 
the end of the sixth grade. It seems that 
we have quite a large number of students 
who mark time in the traditional seventh- 
and eighth-grade work. There is no good 
reason why the essential parts of seventh- 
and eighth-grade work cannot be com- 
bined into one year for those students who 
like mathematics and indicate that they 
have a fair degree of success in the subject. 

This would mean that this group could 
gain one additional year of mathematics 
by the time they finish high school. Many 
colleges are strongly recommending that 
high school graduates who intend to major 
in engineering or some fields of science 
should have an introduction to calculus 
and analytics. Beginning algebra in the 
eighth grade is one way to provide this 
experience. 

Another approach to this increased de- 
mand for better prepared students in 
mathematics is to combine plane and solid 
geometry into a one-year integrated 
course. This is being done in two schools in 
Tulsa. The courses are on an experimental 
basis at present. By the end of the 1959-60 
school year we hope to have some tangible 
evidence concerning materials for this 
course. Combining these two subjects will 
allow one semester for some form of ad- 
vanced mathematics in the twelfth grade 
for our regular classes. 

What are some of the advantages for 
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beginning algebra in the eighth grade for 
superior students? 

(1) These students are enthusiastic 
about mathematics; they are eager to 
learn and have the necessary ‘‘push.”’ 

(2) They are capable. All our tests 
given to date indicate that they do better 
work than the regular students who are a 
year older. 

(3) They will receive an additional 
year’s work in mathematics. This should 
provide adequate background for almost 
any college course. 

(4) These students will be able to do 
better work in the physical sciences be- 
cause of their mathematical background. 

What are some of the problems? 

(1) Some of the students are not suf- 
ficiently matured and become emotionally 
disturbed at trivial upsets. 


(2) A tendency of some students to feel 
that they belong to a superior group. Some 
snobbishness may develop. 

(3) Teachers have a tendency to expect 
too much from the group in later courses. 

(4) A tendency on the part of some 
parents to pressure their children beyond 
their capabilities. In some instances emo- 
tional disturbances may be caused by such 
pressures. 


It is not known what effects the results 
from the Maryland Study, the Illinois 
Study, the School Mathematics Study 
Group, or similar studies may have on 
this program. To date the program seems 
to be working out satisfactorily and solves 
an old problem in the mathematics cur- 
riculum—namely, what to doin the eighth- 
grade mathematics classes. 


Have you read? 


Cure, Marian C. “Mathematics Evaluation 
in a Large City,” The Bulletin of the National 
Association of Secondary School Principals, 
May, 1959, pp. 161-165. 


It has been said that those things we cannot 
measure we cannot know. Certainly without an 
evaluation of our mathematics program we are 
not fulfilling our obligation. This article presents 
a good description of the how and the why of the 
mathematics evaluation program in the Los 
Angeles school system. 

The evaluation program tries to find the 
answers to these questions: Does the student 
grow in competence, accuracy, interest, appreci- 
ation, vocabulary, and problem-solving insight? 
Does he do mathematics commensurate with his 
ability? The evaluation program also measures 
curriculum, enrichment, modernization, teacher 
competence, breadth of offering, and maximum 
mathematical experiences. All this is done 
through a series of measurement techniques in- 
cluding achievement tests, teacher-made tests, 
tests made by committees of teachers, and tests 
made especially for the schools by authors of 
the textbooks in use. 

You will want to see how such techniques 
might fit an evaluation program in your school. 
This issue of the Bulletin is devoted to mathe- 
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matics.—Philip Peak, Indiana University, 
Bloomington, Indiana. 


NEE.EY, J. H., ‘What to Do About a New Kind 
of Freshman,’ American Mathematical 
Monthly, Aug.—Sept., 1959, pp. 584-586. 


After considering the discussion of whether 
or not calculus should be taught in the high 
school, one needs to arrive at his own answer for 
his own school. This article presents some of the 
problems encountered by Prof. Neeley. He con- 
cludes that the students who have studied cal- 
culus in high school are bright, but the calculus 
they know reckons only with “how,” not “why.” 
This puts the student at a disadvantage, for 
nowhere can he get the foundation and not meet 
duplication. Advanced standing produces the 
same problem because of cutting across instruc- 
tional areas. Course failures increase when stu- 
dents who present college credit from high school 
are advanced. 

Prof. Neeley proposes a special type of col- 
lege for some and a limiting of mathematics in 
high school to that traditionally considered as 
appropriate. Be sure to read this, but draw your 
own conclusions.—Philip Peak, Indiana Uni- 
versity, Bloomington, Indiana. 
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The trapezoid—and area 


WILFRED H. HINKEL, East View Junior High School, 


White Plains, New York. 


An informal approach to the formulas for the areas 
__ of the usual polygons studied in the junior high school. 


THE USUAL presentation of units in the 
study of area in eighth-grade work in- 
cludes the basic concept of square meas- 
ure, with reference to rectangles and 
squares; the offering of parallelogram and 
rhombus; the discovery that the triangle 
may be thought of as half of one of these 
quadrilaterals; the thought that the circle 
may be considered (but hastily, lest we 
get into limits) as the sum of a great 
number of triangles; and then the intro- 
duction of the trapezoid. 

Area formulas can be developed nicely 
from the basic concept, from square to 
triangle easily, to circle less easily; but too 
often the formula for trapezoidal area is 
merely required to be memorized, without 
relating it to its predecessors. Sometimes a 
trapezoid is transformed by producing its 
twin, but inverted; the resulting parallelo- 
gram is then examined for its area; from 
this the formula for the area of a trapezoid 
can be evolved. 

With a bright eighth grade, one which is 
interested in concepts and in relationships 
(‘Last year, our teacher said a square is a 
kind of rectangle. Is it?’’), the whole prob- 
lem of area can be covered in a different 
way. The development turns the usual ap- 
proach upside down, relates the trapezoid 
to the other figures, and can generate 
much interest. 

A challenge to calculate, arithmetically, 
the easily-found sum of, say, the first 


seven natural numbers is offered and 
quickly met. 


1+2+34+4+5+6+7 =28 


A challenge, now, to develop from this 
solution an algebraic formula to fit this 
problem and its solution, one which in- 
volves relationships between the numbers 
named, their positions in the series, and 
their quantities, may offer obstacles. With 
prodding, the formula for the sum of a 
series may evolve: 

S=4}n(a+l) 
where 
n=the number of terms in the series, 


a=the initial number of the series, and 
1=the final number. 


After trial of the formula on easily- 
tested problems which seek, for example, 
the sum of the first ten numbers, or the 
first fifteen or twenty, acceptance of the 
validity of the formula for such a series of 
any length is not difficult. 

If the question now be asked whether 
the formula holds for a portion of the series 
of natural numbers which begins else- 
where than at 1, say at 10, and ends with 
20, the matter of proof by arithmetic 
means is simple. 

Now if we file this formula and produce 
a diagram of the end of a stack of cylindri- 
cal tiles (Fig. 1), it is not difficult to con- 
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Figure 1 


vince that the same formula applies in the 
problem of quickly counting these tiles. 

Let us now enclose our stack of tiles 
with a minimum number of straight lines 
(the edges of the crate in which they were 
shipped?)—see Figure 2. 


Figure 2 


If we now equate the number of tiles in 
the bottom row of our stack with the units 
of length of the lower base of our box; the 
number of tiles in the top row of the stack 
with the units of length of the upper base 
of our box; and the number of rows of 
tiles with the units of length in the height 
of our box—we have only to substitute the 
standard symbols used in the usual trape- 
zoid area formula for the symbols used in 
our formula for the sum of a series, thus: 


:{S=4n(a+))} 


={A=4h(B+d)}. 


This relationship having been arrived 
at, it is now possible to view other plane 
figures to discover if there is a kinship. 


In the rectangle: 


B=l 


Figure 3 


h ) 
B=l |:{A=4w(l+l) - 
b=1 | 


In the square: 


B-s 
Figure 4 
where 
h=s 
B=s }:{A=4s(s+s) - 
| b=s 


In the parallelogram and rhombus: 


Figure 5 
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In the kite: 
h=h ) 
B=b |}:{A=4h(b+b) =bh} - 
| b=b 
In the triangle: 


=0 


Figure 7 


where 
dD 
B=D|: 
\ b=0 
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Figure 6 


where 
ae And, about this moment, out of the back 
| {4 = 4h(0-+45) _ bh) of the room comes the question: “Is a 
2 : va ne f circle really the sum of a lot of degenerate 


| b=0 [a new word, recently] trapezoids?” 


From The Mathematics Teacher of 
thirty years ago 


«|... The fact remains that a large number 
of pupils cannot handle fractions either common 
or decimal, and that lack makes their algebra 
work very difficult. There is evidence also of 
weakness in the very fundamentals of arith- 
metic. ...—Joseph B. Orleans and Jacob S. 
Orleans, ‘‘A Study of Prognosis in High School 
Algebra.” 


“No mathematician can be really sophisti- 
cated until he knows that Weierstrass (1815- 
1897) gave an example of a continuous function 
which is nowhere differentiable.’’—R. P. Agnew, 
Differential Equations. 
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Individualized algebra 


GWLADYS CROSBY, Queens College, Flushing, New York, 


and HERBERT FREMONT, Syosset High School, Syosset, New York. 


Is 1T possible to develop the abilities of 
each student to the maximum by in- 
dividualizing the instruction in hetero- 
geneously grouped classes? 

It was in an attempt to individualize in- 
struction that we began our work. It was 
our feeling that the goals of all mathe- 
matics teachers should provide for the 
following: 


1. Each student should progress as fast 

and as far as possible. 

2. The program should contain maximum 

enrichment. 

3. Each student should enjoy learning 

mathematics. 

4. Each student should have a successful 

mathematics experience. 

5. The mathematics class should be an ex- 

perience in democratic living. 

6. Growth should take place in many 
areas, i.e., reading, manners, vocational 
interest. 

. Individual discovery of mathematical 
concepts should be developed. 


~J 


Three factors which influenced our orig- 
inal thinking should be mentioned. One 
was the progress made by New York City 
students as a result of the developmental 
mathematics program. The success of in- 
dividualized reading programs was an- 
other. The third factor was the appar- 
ently widespread hatred and fear of math- 
ematics which we have observed in college 
and high school students. We have no 
documentation but feel that this view is 


How can students learn to capacity 
without ability grouping? 


shared by many educators. Because we 
started the school year with a specific 
point of view, and since we made no at- 
tempt at matching the students, this 
project is not offered as a scientific experi- 
ment. All we have to say is, ‘This is what 
we did, and this is how it turned out.” 
Our study was carried out in two sub- 
urban high schools near New York City. 
Each of us had two first-year algebra 
classes, one in which we tried our best to 
emphasize the individual development of 
the students, and the other in which we 
employed group teaching techniques. The 
latter was the teacher-presentation, stu- 
dent-recitation type of instruction with 
the class in a single group. We each taught 
one class of each type. The students were 
not selected according to any criteria; they 
were ninth- and tenth-graders who could 
have elected general mathematics rather 
than algebra, if they so desired. Many of 
the tenth-graders were repeating algebra, 
having failed the subject in grade nine. 
The I.Q.’s ranged from 80 to 126, but 
since some of the students had not been 
tested, and since the scores we did have 
were from a number of different tests, all 
we can say is that it seemed to us that, 
except for Experimental Class B which 
seemed to have a very high proportion of 
very bright students, our pupils were 
typical of average classes. We decided to 
try our “experiment” on classes of 20 
(Experimental Class A) and 26 (Experi- 
mental Class B) which met at approxi- 
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mately the same time of day. The other 
classes, one of 24 and one of 25, were 
designated controls A and B. 

In planning the study, we decided that 
everything we would do would be designed 
to give the student the primary responsi- 
bility for learning, while the teacher main- 
tained responsibility for leadership. We 
began by getting to know our students as 
well as we could. In the first weeks of the 
year each class worked as a single group 
and concentrated upon fundamentals. 
Then things began to change. The students 
moved into small groups formed on a 
variety of bases. Some students found a 
common vocational goal the binding force 
for a group. Others were simply friends 
who wanted to work together. Still others 
were interested in the same areas of study. 
We did our best to maintain these de- 
veloped groups in as fluid a state as possi- 
ble, encouraging student change at every 
opportunity. In their groups the students 
selected topics from the New York State 
syllabus. No particular sequence was ad- 
hered to, and no two students necessarily 
followed the same sequence. The student 
had freedom of choice, within the stated 
limits, to select his own area of work. It 
was also possible for related topics to be 
selected outside the required syllabus with 
the approval of the teacher. 

The students asked about homework. 
We put the question back to them. If they 
thought it was necessary, they should 
make their own assignments and keep 
careful records of all that they did. If they 
did not deem it necessary, there was no 
assignment of homework. The student’s 
primary goal was to learn as much algebra 
as he could. If homework would help 
achieve the goal, the students should 
undertake work at home. It was a decision 
they had to make for themselves. 

They asked about tests. Discussion of 
the question brought about the conclusion 
that when a student felt that he had 
achieved mastery of a topic, he would re- 
quest to be tested. The groups could ask 
for a test for all or any of its members. 
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The students wondered about topic 
selection. Planning sessions were held on 
both a long- and short-term basis; a 
form was developed to help the students 
keep track of their planning, and to make 
comparisons with the actual amount of 
work they had completed. 

What effect did this different approach 
have upon our students? We found that 
most students can function well in a demo- 
cratic environment, sensing that they have 
an opportunity for increased accomplish- 
ment rather than a chance to “goof off.” 
De-emphasis of grades, lack of necessity 
to keep up with the next fellow, and 
elimination of external punitive measures 
generally made for a better learning situa- 
tion, not a poorer one. We feel that it en- 
abled us to accomplish the following: 


1. self-discovery of concepts 
2. improvement of reading through work 
in problem solving 
3. improvement of social relationships 
through co-operative group work 
4. improvement of manners through un- 
obtrusive individual instruction 
. development of self-discipline since the 
major punitive measure was the in- 
evitable result of one’s own behavior: a 
lack of sufficient completed work and 
failure to advance towards one’s stated 
goal. 


How did we make out with our “experi- 
ment’’? In order to have an objective 
measure of scholastic achievement, we ad- 
ministered the Co-operative Algebra Test 
(Educational Testing Service, Princeton, 
New Jersey). The scores of Form Y, given 
in January, and Form 7, given in June, 
are presented in the accompanying table. 
As can be seen, despite the problem of ad- 
justment to a new approach, the experi- 
mental groups held their own. The dif- 
ferences were not statistically significant. 
While we do not believe any definite con- 
clusions can be drawn from the data, it 
does seem obvious that emphasizing a 
democratic and individual approach did 
not retard student achievement. 
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SUMMARY OF SCALED SCORES ON THE CO-OPERATIVE ELEMENTARY ALGEBRA TEST* 


Group Form No Range Median | Mean St. Deviation 

Exp. A Y 20 35-59 46.0 | 46.5 6.24 
r 20 37-69 51.0 | 52.8 6.55 
Exp. B Y 26 35-71 8.90 
T | 26 31-76 54.5 54.9 11.04 

| 
Con. A re 24 31-65 44.5 45.1 8.80 
T 24 42-71 53.5 54.7 8.63 
Con. B = 25 35-67 49.0 47.8 7.93 
~~ | 25 34-70 50.0 52.0 8.83 

| 
Total Exp. | 46 35-71 49.0 48.9 8.12 
46 31-76 52.5 53.9 9.53 
Total Con. | Y 49 31-67 46.0 46.3 8.60 
T 49 34-71 52.0 53.3 8.36 


* Educational Testing Service, Princeton, N. J. 


We feel that achievement in the “ex- 
perimental” groups could be increased by 
the development of effective discovery 
materials. Increased experience with this 
approach will also result in more and bet- 
ter learning experiences. The discovery 
exercises in our textbook were not as ef- 
fective as we had expected. As the stu- 
dents progressed and the material began 
to increase in difficulty, self-discovery of 
concepts became correspondingly difficult. 
One task we have set for ourselves is the 
creation of adequate materials to develop 
student discovery. If the use of these ma- 
terials results in greater achievement by 
our experimental groups, we will have evi- 
dence of their need. 

There were many results worthy of note 
in areas other than achievement in subject 
matter. The grouping on a random basis 
encouraged a sharing of learning by all 
group members. In the beginning there 
was much movement in and out of groups, 
but later the group structure became more 
static. Even in static groups, there was 
evidence of a differentiation of goals within 
the group. Thus, although there were 
students who preferred to work together, 
they did not work on the same subject 
matter. 


One of the more startling results to us 
was that the sequential order of the text 
was not followed to any noticeable dis- 
advantage. This leads us to suspect that 
the sequential order in which teachers feel 
they must develop the subject is not 
sacred—an hypothesis to be tested further. 
If our later studies support this finding, 
teachers should be free to maximize in- 
dividual development and have an oppor- 
tunity for creation of the highest possible 
interest level on the part of each student. 

Pupil planning is in need of a more care- 
ful introduction than we were able to 
make in our study. After an initial burst of 
careful planning on the part of most stu- 
dents, there was a lack of continuous 
planning. It seems that inexperience in 
this area led to quick discouragement on 
the part of many students. The use of a 
form sheet to aid planning for the student 
did result, however, in several cases of in- 
telligent preparation. It is clear that if 
pupils are to plan their semester’s work 
skillfully, they will first have to undergo 
an intensive orientation period. This is 
another item for further study. 

The self-assignment of homework went 
well. Most students clearly saw their re- 
sponsibilities and carried them out in good 
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order. The problem of test readiness also 
met with general success. In one group the 
time lapse between examinations came 
under consideration. After much discus- 
sion, the group settled this problem by 
proposing a two week limit: if any student 
did not request a test over a two-week 
period, the teacher was instructed to give 
him a test on the material he had covered 
thus far. In regard to tests, it is interesting 
to note that there was virtually no evi- 
dence of cheating in the experimental 
groups. In our control groups, we had the 
usual task of careful proctoring; not so in 
the experimental. This behavior was also 
borne out in the homework assignments. 
Copying, occasionally observable in the 
control group, was, so far as we can tell, 
nonexistent in the experimental classes. 


CONCLUSIONS 


As a result of our study we definitely 
feel that individualization of instruction 
in heterogeneously grouped classes is pos- 
sible. The advantages of such instruction 
were: 

1. The bright student could move ahead, 
while the slow students were not dis- 
couraged since they were under no 
pressure to maintain another student’s 
pace. 

. As teachers, we were more aware of the 
progress of our students than we have 
ever been before. 

. The students genuinely appreciated: 
a. sharing their learning experiences 
individual tests at their request 

self-selection of topics 

d. working at a rate commensurate 

with their ability. 

All of these helped to dispel fear and 

overcome a distaste for mathematics 

in general. 

. A greater sense of responsibility was 
apparent. As far as we can tell, this was 


a result of the democratic procedures 
and the general atmosphere. 

. Self-motivation was the stimulus for 
learning, rather than the usual extrinsic 
motivation of grades, ete. 


On the other side of the ledger we note: 


. In order to carry out this study we 

found that we had to do a tremendous 
amount of work. Planning, testing, 
giving help when requested—all in- 
volved large quantities of time and 
energy. 
We had too’ little discovery material 
and what we did have was inadequate. 
Effective materials are sorely needed 
and will be developed in the near 
future. 

. A period of adjustment was necessary 
for the student to make the proper 
transition from the patterns developed 
in previous classes to the approach of 
the experimental group. 

4. Generally speaking, the group as a 
whole didn’t cover material as fast as 
we had expected. We feel the lack of 
effective materials was the main cause. 


SUMMARY 


We carried out this study to determine 
whether or not it would be possible to in- 
dividualize instruction to the point where 
students select their own topics for study, 
decide upon their test readiness, assign 
their own homework, and in general are 
responsible for learning. We also: tried to 
determine the possibility of employing a 
democratic approach. With all this em- 
phasis upon the development of maturity, 
our students did not allow their study of 
mathematics to become secondary. They 
learned at least as well as their con- 
temporaries in the control group. We have 
made a start and are going to try to im- 
prove upon it. 
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A survey of teachers’ opinions 
of a revised mathematics curriculum 


ARTHUR W. LEISSA, Ohio State University, Columbus, Ohio, 


and ROBERT C. FISHER, Ohio State University, Columbus, Ohio. 


On May 14, 1959, the Third Annual Sym- 
posium on Engineering Mathematics was 
held at Ohio State University under the 
sponsorship of the College of Engineering 
and the Department of Mathematics. The 
Symposia have as their broad objective 
the coordination and improvement of 
mathematics teaching, particularly for 
students in the engineering and physical 
sciences. 

The Third Symposium was attended by 
approximately 280 persons, primarily high 
school mathematics teachers and college 
instructors in mathematics and engineer- 
ing, from throughout Ohio and its neigh- 
boring states. This year the main topic of 
discussion was the four-year curriculum in 
mathematics as taught in the high schools. 
Particular emphasis was given to an evalu- 
ation of the suggestions set forth in the 
Final Report of the Commission on Math- 
ematics of the College Entrance Examina- 
tion Board, entitled ‘‘Program for College 
Preparatory Mathematics.” 

The principal speaker at the morning 
session was Professor Saunders MacLane 
of the Department of Mathematics, Uni- 
versity of Chicago, who gave his evalua- 
tion of the Commission’s Report and how 
to use it. The luncheon session featured 
Robert E. K. Rourke, Executive Director 
of the Commission on Mathematics of the 
College Entrance Board, who explained 
the background and objectives of the 
Commission. 


Do high school and college teachers differ 
on whether the high school curriculum should be revised? 


Following the luncheon session, the 
persons attending the Symposium were 
invited to participate in discussion groups, 
each of which consisted of approximately 
a dozen people. They were assigned to dis- 
cussion groups on an individual basis so as 
to be sure that each group contained some 
high school mathematics teachers, college 
mathematics teachers, and engineering 
college teachers. A number of favorable 
comments from the participants in these 
discussion groups indicated that the het- 
erogeneous grouping was very desirable. 
Each discussion group had a discussion 
leader assigned to it. These leaders were 
chosen to include high school mathematics 
teachers and supervisors, college mathe- 
matics teachers, and engineering college 
teachers. 

The main topic of discussion for these 
groups was the Commission’s Report and 
Professor MacLane’s interpretation of the 
Report as given in the morning session. 
In order to have some specific information 
regarding the feelings of those attending 
the Symposium toward the Report of the 
Commission, each participant in the dis- 
cussion groups was asked to fill out a 
questionnaire. On the questionnaire the 
respondent was asked to identify himself 
by name and position. The questionnaire 
contained 15 questions. These questions 
were formulated directly from statements 
made in the Commission’s Report so that 
the response of an individual might be 
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taken as an indication of the degree of ac- 
ceptance of the Report. The following 13 
questions asked for a simple “‘yes”’ or “no” 
answer, and invited the respondent to 
make comments. 


1. Do you agree that an extensive revision 
of the present traditional high school mathemat- 
ics courses is necessary? 

2. Do you agree that every college-capable 
student should take at least three years of 
mathematics in high school (regardless of his 
major interest)? 

3. Do you agree that homogeneous grouping 
of students by ability is highly desirable? 

4. Do you agree that calculus is primarily a 
college subject, and that only schools with ex- 
ceptional staffs should undertake the teaching 
of calculus and then only to exceptional stu- 
dents? 

5. Do you think it is reasonable and realistic 
to expect a level of mathematical rigor in the 
9th grade algebra that is higher than that now 
expected in the 9th grade? 

6. a. Do you agree that more emphasis 
should be placed on deductive reasoning in 9th 
grade algebra? 

b. And do you think this increased em- 
phasis can be carried out without incurring a re- 
duction in the manipulative skills of the stu- 
dent? 

7. Do you agree that coordinates should be 
introduced into the 10th grade geometry rather 
early, say after 6 weeks? 

8. Do you feel that the logical deficiencies in 
the treatment of plane geometry by Euclid as 
mentioned in the Commission’s Report have 
been a barrier to the student’s understanding of 
the logical development of geometry? 

9. Do you agree that solid geometry should 
be eliminated as a separate high school course 
and that it should be integrated into the 10th 
grade course? 

10. Do you believe that other geometries— 
non Euclidean, projective, finite geometries— 
should be regularly taught in high schools? 

11. Do you agree that rudimentary trig- 
onometry of the right triangle should be in- 
cluded in the 9th grade algebra? 

12. Do you agree that the 12th grade course 
should include at least one semester of the ma- 
terial labeled as “elementary functions” in the 
Commission’s Report? 

13. Do you favor the advanced placement 
program offered by some high schools (in which 
Ohio State participates) which allows students 
to take college level math courses while in high 
school and obtain college credit? 


The questionnaire also contained the 
following two items: 

14. Check those topics in the following list 
that you feel should definitely be taught regular- 
ly in the college preparatory program in high 
school. 
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g. determinants 
h. group theory 
c. algebra of sets i. field theory 
k. 
1. 


a. inequalities 
b. absolute values 


differential calculus 
statistics 
integral calculus 


d. limit concepts 
e. vectors 
f. probability 


15. How many quarter hours of college cred- 
it in mathematics do you think a high school 
teacher should have as a minimum in his train- 
ing to be prepared to teach the complete pro- 
gram suggested by the Commission? 


Of those attending the group discussion, 
186 returned completed questionnaires 
that were subsequently tabulated. Among 
those returning questionnaires were 35 
college mathematics teachers, 19 engineer- 
ing college teachers, and 132 high school 
mathematics teachers and _ supervisors. 
The bar graph in Figure 1 shows the per- 
centage of ‘‘yes’”’ answers to the first 13 
questions from the high school teachers, 
from the college teachers, and from the 
combined group. The percentages given 
are based upon the total number of an- 
swers for each particular question. 

The tabulated responses indicate clearly 
that there is overwhelming support for the 
major part of the Commission’s Report 
among the teachers attending the Sym- 
posium. Furthermore, there is seemingly 
no significant difference between the high- 
school-teacher response and the college- 
teacher response except possibly on ques- 
tions 1, 2, 7, and 10. The difference in re- 
sponse on question 1 is the first of three 
indications that the college teachers are 
perhaps less inclined than the high school 
teachers are to feel that ‘‘extensive’’ revi- 
sion of the curriculum is necessary. The 
“no” response on question 1 often carried 
the comment that revision was necessary, 
but not extensive revision. The difference 
in response to question 7 can be partly at- 
tributed to the fact that the high school 
teacher is more sensitive to the question of 
timing in the introduction of coordinate 
geometry. Comments on some “no” re- 
sponses on question 7 indicated disagree- 
ment with the timing rather than the in- 
clusion of coordinate geometry. The factor 
of timing also entered in the disagreement 
with the statement of question 11. The 
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comments on this question indicated many 
teachers felt right triangle trigonometry 
belongs in the 10th grade, not the 9th 
grade. 

The large number of “no’’ responses on 
question 8 indicate that neither teacher 
group seems to agree that the logical de- 
fects in Euclid’s treatment of geometry 
can be regarded as a valid reason for modi- 
fying high school geometry. Both teacher 
groups also rejected the suggestion that 
other kinds of geometry should be taught 
in high school. 

The fact that less than half as many col- 
lege teachers (percentage-wise) responded 
with “yes” on question 10 as did high 
school teachers indicates that the college 
teachers are less inclined to favor the intro- 
duction of nontraditional mathematics 
into the high school curriculum than are 
the high school teachers. There is added 
evidence for this conclusion in the re- 
sponses to question 14. 

In Figure 2 a bar graph depicts the per- 
centage of respondents checking the items 
listed in question 14. It is worth noting 
that the calculus topics were checked by 
very few persons. This fact is consistent 
with the overwhelmingly affirmative an- 


40hrs 
Quarter Hours of College Math 
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Figure 3. Percentage of respondents favoring at least the indicated number of quarter-hours of 
college-level mathematics training for high school mathematics teachers. 


swer given to question 4 by the group asa 
whole. It would thus appear that the 
Symposium attendants were strongly be- 
hind the stand of the Commission that cal- 
culus is a college subject. Neither group 
theory nor field theory was checked by a 
very large number of people. Except for 
the first two items in question 14, the 
topics were checked by a larger percentage 
of high school teachers than by college 
teachers. Thus, for example, while 37 per 
cent of the high school teachers felt group 
theory should be taught, only 22 per cent 
of the college teachers agreed. These re- 
sults again indicate that the college teach- 
ers present were less concerned than were 
the high school teachers about introducing 


_ new topics in the high school curriculum. 


In Figure 3 two curves are drawn depict- 
ing the information obtained from question 
15. The abscissa of a point on the curve 
corresponds to a number of quarter hours, 
and the ordinate of the point indicates the 
percentage of respondents who indicated 
at least that number of, ‘quarter hours. 
There was some confusion concerning the 
meaning of college level mathematics; 
however, if one agrees with the Commis- 
sion’s Report (and the great majority ap- 
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parently did, as evidenced by the results 
of the questionnaire), then college level 
mathematics must be assumed to begin 
with the calculus. Many respondents 
added the phrase “beginning with the 
calculus” just to make sure that there was 
no misunderstanding. The curves in Figure 
3 indicate that the college teachers con- 
sidered that slightly more college mathe- 
matics should be taken than was indicated 
by the high school teachers. About 75 per 
cent of the total responses indicated at 
least 40 quarter hours. 


In summary, the results of the question- 
naire indicate conclusively that both the 
high school teachers and the college teach- 
ers attending the Symposium strongly 
support a substantial portion of the Re- 
port of the Commission. The only signifi- 
cant differences between the responses of 
the college teachers and the high school 
teachers indicate that the college teacher 
is less likely than is the high school teacher 
to feel that the content of the traditional 
high school curriculum need be revised 
extensively. 


From The Mathematics Teacher of 


thirty years ago 


“| .. Gifted pupils should be a constant 
challenge to their instructor to develop in them 
all the mathematical insight and skill of which 
they are capable. They are clearly entitled to an 
educational opportunity in algebra commen- 
surate with their superior ability.” —L. Men- 
senkamp, “Ability Classification in Ninth Grade 
Algebra.” 


“One who is naive with respect to the ques- 
tion of possible differences is consequences from 
application of operators in different orders may 
profit by thinking a little about the operations: 
(i) insuring an automobile and (ii) driving the 
automobile into collision with that of a strug- 
gling lawyer.” —R, P, Agnew, Differential Equa- 
tions. 
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As I WORKED through the recent series of 
papers in THe MaTHeMatics TEACHER on 
the cutting of figures, making plywood 
models of the dissections given there, my 
attention was attracted by the two ques- 
tions which concluded the solution of 
Problem IV.? Problem IV required us to 
find a dissection of a square into an equi- 
lateral triangle; in the solution presented 
the square was divided by four cuts into 
five parts which (after some were turned 
over) reassembled into an equilateral tri- 
angle as desired. The two questions raised 
(and left unanswered) in connection with 
this solution were: Is there a different solu- 
tion of Problem IV not requiring any part 
to be turned over? Is there a solution with the 
square cut into fewer than five parts? 

It seemed to me that one or both of 
these questions might yield to a little ex- 
perimentation, so I tried cutting up card- 
board squares and assembling the parts in 
various ways. These efforts were more or 
less blind, and entirely unsuccessful. 
Worse, they gave no hint of a fruitful ap- 
proach to either question. Not hitting 
upon any clue, even after many trials, I 
gave up thinking about the questions alto- 
gether. 

A few weeks later I chanced upon a copy 
of Steinhaus’ Mathematical Snapshots (New 
York: Oxford University Press, 1950). On 
page 7 of this book of mathematical re- 


'See my note in THe MATHEMATICS TEACHER, 
LI, February 1958, 120. 

2See ‘More on the Cutting of Squares,’”’ THe 
Martuematics Teacuer, XLIX, October 1956, 449. 


A further note on dissecting a square 
into an equilateral triangle 
CHESTER W. HAWLEY, Southwest Miami High School, Miami, Florida. 


The dissection of a square into an equilateral 
triangle requiring only three cuts, with no part turned over. 


creations appeared a sketch of a construc- 
tion summarized on p. 120 as Figure 1. It 
struck me at once that this four-part dis- 
section of Steinhaus’ answered both of the 
questions in the affirmative. The only 
problem now was to duplicate his con- 
struction, for the book gave no hint or di- 
rection of any kind on how to draw the 
cutting lines in the square. 

In this note I shall show how, with the 
help of some experimentation with card- 
board models, I came to see the principles 
behind Steinhaus’ construction. Ulti- 
mately, I shall give a precise statement of 
the construction and show that it answers 
affirmatively both questions cited in the 
first paragraph. (It turns out, unsurpris- 
ingly, that the principles of square dissec- 
tion put forward in the October 1956 paper 
mentioned earlier are all that are needed 
for this construction and verification.) 

I do not regard these last matters as 
most important, however. What concerns 
me more here is to show how the principles 
of Steinhaus’ construction came to me 
through experimentation. I have found 
that this mode of discovery is extraordi- 
narily interesting and valuable to geome- 
try students—they grasp quickly what is 
wanted, they participate in the search and 
identify possible clues spontaneously, and 
their success stimulates them “‘to go into 
the mathematics of the thing,”—i.e., to 
verify that their construction is exactly 
right. What follows, therefore, is primarily 
pedagogical, and only secondarily mathe- 
matical. 


Dissecting a square into an equilateral triangle 119 


aoe 
| 
| 
f 
| 


Figure 1 


Look at Figure 1. Evidently we have 
here a dissection of the square into four 
parts which without turning over reassem- 
ble into an equilateral triangle. Hence 
both of the questions stated in the first 
paragraph above seem to be answered 
affirmatively. Our problem is: How to 
draw the cutting lines in the Steinhaus 
square of Figure 1? To make this problem 
precise, let us label the relevant points of 
the Steinhaus square as shown in Figure 2. 
Our problem then is: How to draw seg- 
ments EF, MG, and NG in the square 
ABCD? 

How to begin? A little reflection showed 
that points Z and N were probably the 
mid-points of side AD and BC. Reassem- 
bling “mentally” the four parts of the 
square into their new positions in the tri- 
angle showed at once that this must be the 
case, since point C must fall on point B 
(hence making BN and NC congruent) 
and point A must fall on point D (hence 
making AE congruent to ED). A square 
was laid out using this fact. As line EF 
seemed to offer no clue as yet, it was 
drawn by “guess.”” Looking now at line 
NG meeting EF, an angle of 60° was sug- 
gested, since the quadrilateral FBNG was 
to be a part of the proposed equilateral 
triangle. The obvious steps of making 
angles NGM and MGE with 60° were then 
taken, and the square cut on these three 


Figure 2 


lines. The result is shown in the dotted 
lines of Figure 3. 

This was encouraging, and another 
square was immediately laid out and cut, 
with one difference—point F was located 
farther to the left. This time, on reassem- 
bling, the ‘‘triangle’”’ looked like the dotted 
lines of Figure 4. Putting these two at- 
tempts together, we could make some 
reasonable suppositions: (1) that the 
square would reassemble correctly into an 
equilateral triangle if the point F were 
correctly chosen; (2) that since (GN) 
= (NO) and (OQ) =(QP), all four of these 
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segments might be congruent in the cor- 
rect construction. If this last were so, we 
would be well on our way. 

Three or four mére trials brought the 
points F and F’ coincident to within about 
1/64” (I was using 8” squares at this 
point). All of the sides of the triangle 
seemed straight, measuring 15}”+1/32, 
and everything seemed to “fit” well. 
Furthermore, we had increasing evidence 
that N and Q were the midpoints of sides 
GO and OP respectively, and also that the 
segments they made with the sides were 
all equal. Since our square was much 
larger than that of Steinhaus, this was en- 
couraging. 

When the line FS (which is also EF) 
proved to be the same length as GN and 
the other three segments around the tri- 
angle, success seemed near at hand, be- 
cause a little reflection showed that FS 
could easily be shown to have a length one- 
half that of GP. (For since (EG) =(SP), 
then (GF)+(SP)=(EF)=(FS), or (FS) 
=(GP)/2.) 

Assuming all this to be true, the prob- 
lem would be solved if we could construct 
a segment of length s/2, s being the length 
of a side of the desired equilateral triangle. 
Using the methods of the original Problem 
IV in constructing the mean proportional 
between two segments involving a, the 
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length of a side of the given square (each 
of these segments being itself construct- 
ible), alength s/2 was soon obtained. This 
will be included in the construction that 
now follows. 

When several trials with different-sized 
squares turned out successfully, a proof 
was attempted and arrived at without 
much trouble. I shall give the construction 
first, and then the proof. Incidentally, 
have you noticed yet that all three of our 
cuts are of the same length? 

Construction steps by which a given 
square may be cut into four parts with 
three cuts of equal length, and reassembled 
into an equilateral triangle: 

In square ABCD, bisect AD and BC by E 
and N respectively. Call the side of the 
square a and the side of the proposed 
equilateral triangle s. As in Figure 6, draw 
a segment equal to a and by the familiar 
geometric construction determine a/3. As 


Figure 6 
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Figure 7 


in Figure 7, draw segment a, and draw YZ 
perpendicular to it. Construct 2a from the 
end of a intersecting YZ. Then YW, by 
Pythagoras, will equal a./3. Mark off 
from Y a segment equal to a/3, and erect 
a perpendicular at this point. Construct a 
semicircle on YW, naming its intersection 
with this last perpendicular V. The seg- 
ment YV will be equal to ~/a/3-av/3, and 
this can be shown to be equal to s/2, by 
the following argument: 

Equating the areas of the square and the 
triangle, we have: 


8 


In the square locate point F as the inter- 
section of the circle with center E and 
radius s/2 and line AB. With N as center 
and radius s/2 locate point G at the inter- 
section of the circle with line EF. Now 
with G as center and radius s/2 let the 


Figure 8 


circle intersect line DC and call the point 
of intersection M. If the cuts EF, GN, and 
GM are made, the square can be reassem- 
bled into an equilateral triangle. 

The prooj that follows is direct and easy 
to understand. I shall take the given 
square with the construction lines de- 
scribed in the last paragraph, add certain 
other lines forming a triangle, then prove 
that the triangle is equilateral and its 
parts are congruent to the corresponding 
parts of the square. 

The proof follows (see Figure 8). GivEN: 
Square ABCD. Given by construction: 
Points E and N the midpoints of AD and 
BC respectively; Segments EF, GN, and 
GM all equal to s/2, this last length deter- 
mined by our previous argument and 
Figures 6 and 7. Given also the following 
construction lines and segments which 
form a triangle composed of parts 1, 2’, 
3’, and 4’: segment NO an extension of 
GN, and equal to it; OX parallel to GM; 
BQ an extension of AB and FP an exten- 
sion of EF; RQ= DM, and RS perpendicu- 
lar to RQ. Require to show that the tri- 
angle is equilateral. 

Proor: (1) Quadrilateral 1 is common 
to both the square and the triangle. 

(2) In quadrilaterals 2’ and 2 we have: 
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ZMGN=ZNOQ, ZNBQ=ZNCM =90°; 
ZBNO=ZGNC; and side BN =side NC. 
Hence the quadrilaterals are congruent, 
and OQ=GN =s/2. 

(3) In quadrilaterals 3’ and 3 we have: 
ZRQP=ZDMG, ZQRS=ZEDM=90°; 
ZDEG=ZRSP, and RQ=DM. Hence 
they are congruent, and QP=GM =s/2. 
Hence GO=OP=s. 

(4) In triangles 4’ and 4 we have all the 
corresponding angles equal, and RS=DE 
(from quadrilaterals 3’ and 3), DE=AE, 
hence RS=AE, and the triangles are con- 
gruent. Therefore FS=EF=s/2. Since 
SP = EG, we have 
GP =FS+(GF+SP) 

=s/2+(GF+ EG) 
=8s/2+3s/2 
=8. 


Thus GP = GO=OP =s, and the triangle is 
equilateral. 


E. Dillman. 


“He who is unfamiliar with mathematics re- 
mains more or less a stranger to our time.’’— 


“Everything of importance has been said 
before by somebody who did not discover it.’””— 
Alfred North Whitehead. 


Notice that in the proof above no men- 
tion or use of angles of 60° was made, even 
though the original experimentation was 
partly based on these angles. This seems 
to me an example of deeper understanding 
through doing. 

What about the converse, 7.e.: Given an 
equilateral triangle, to cut it with three 
cuts into four parts which reassemble into 
a square? The reader may want to try 
this—it is not difficult. Further interesting 
relationships between segments not yet 
used easily come to light: BQ can be 
proved equal to AF; FQ is seen to have an 
important part in constructing the con- 
verse. Using the principles cited above 
from Problem IV, equating the areas of 
the equilateral triangle and the square 
again and this time solving for a in terms 
of s, and rearranging the result in suitable 
form for construction of a mean propor- 
tional are problems which you or your ad- 
vanced geometry pupils may want to try. 
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The Weequahic configuration 


E. R. RANUCCI, American High School, San Salvador, El Salvador. 
An exercise in visualization in three-space. 


Back In the good old days before “solid 
geometry” was criticized as much as it is 
today, we used to do a lot with ortho- 
graphic projection in the solid geometry 
classes. We did not do the precise drawings 
that were turned out in the mechanical 
drawing classes—that was not our inten- 
tion. The purpose of the unit was to exer- 
cise spatial imagery and to give visual in- 
tuitions a workout. 

The customary approach to ortho- 
graphic projection came first. Here a three 
dimensional object is imagined to be en- 
closed within a transparent rectangular 
solid. Figure 1 shows the views that are 
called the front view, top view, and end 
view. These two dimensional views are al- 
ways placed as shown in Figure 1. For 
Figure 1 the following are true: 


AB=CD=EF=GH 
AC=BD=JK 
EG=FH=I1J 


Many such exercises were given. In some 
cases the orthographic projections were 
given, a sketch of the object being re- 
quired. Sometimes the object was drawn 
anc. the orthographic projections were re- 
quired. Due consideration was given the 
dotted line as contrasted to the solid line 
(Fig. 2). 

After many such exercises students 
graduated to more sophisticated types. In 
these, two views were given, the third be- 
ing required. Two of our favorites follow 
(Fig. 3). 

The problem that developed into the 
“Weequahic” configuration (this all hap- 


Figure 1 
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pened at Weequahic High School in 
Newark, New Jersey, between the years 
1936 and 1956) started like this (Fig. 4): 


Figure 4 


I had one object in mind (Fig. 5). 

Little by little, however, students kept 
bringing in new solutions to the problem. 
At the last count, several thousand such 
configurations were shown to exist. 


Figure 5 


If the central figure in this ‘‘sandwich”’ 
is considered, here are variations on the 
possible form of the ‘‘filling”’ (Fig. 6). 


Figure 6 
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Figure 7 


If the “bread” in the sandwich is con- 
sidered, above are possible variations 
(Fig. 7). 

The end view of the “filling” may be 
based on the following possible subdi- 
visions of the square (Fig. 8). Any of the 
following outlines would show the requisite 
cross bars on the ““H’”’ needed in the center 
of the front and top views: 

If only ten of the possible ends and ten 
of the central sections were placed in 
juxtaposition, 1000 such solids would be 
possible. Judicious interchange would in- 
crease this number considerably. 

Some of the possible formations would be 
outlawed in cases where three adjoining 
faces were coplanar. This would be neces- 
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Figure 8 


sitated by the fact that when faces are 
coplanar no joining edges may be shown in 
orthographic projection. 

The moral of the story is: have more 
than one possible drawing in mind in exer- 
cises of this type. If you do not, the stu- 
dents will probably show you that they 
exist. 

If you would like more information on 
orthographic projection consult a text in 
mechanical drawing. 


“The true mathematician is always a good 
deal of an artist, an architect, yes, of a poet.’’— 


A. Pringsheim. 
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@ HISTORICALLY SPEAKING, — 


Edited by Howard Eves, University of Maine, Orono, Maine 


Georg Mohr and Euclidis Curiosi 


In 1673 a small geometrical treatise en- 
titled Compendium Euclidis Curiosi (Fig- 
ure 1 shows a reproduction of the title page 
of the work) was published in Dutch in 
Amsterdam. This work showed in effect 
that all constructions of Euclid’s Elements 
are possible if one uses a straightedge and 
a compass restricted to one and the same 
opening throughout the entire construc- 
tion. 

No author’s name was carried on this 
little booklet of twenty-four pages. When 
Joseph Moxon translated it from the 
Dutch into English and had it printed in 
London in 1677 (Figure 2 shows a repro- 
duction of the title page of Moxon’s trans- 
lation), no additional information con- 
cerning the identity of the original author 
was included. 

Although this work is a significant con- 
tribution in the development of the geome- 
try of the fixed-compass [1],* both the 
original and the English translation appear 
to have received scant attention over the 
years. The purpose of this paper is to 
identify the author, to note why the book- 
let was written, and to consider some of 
the actual contents. The fact that the un- 
named author received belated recognition 
for another geometrical contribution of 
even greater significance makes this of 
particular interest. 


* Numbers in brackets refer to the notes and ref- 
erences at the end of the article. 


by Arthur E. Hallerberg, Illinois College, 
Jacksonville, Illinois 


GEORG Mour AND Danicus” 


In 1928 the “rediscovery” of a small 
geometrical work entitled Euclides Dani- 
cus showed that Lorenzo Mascheroni had 
been preceded in the first presentation of 
the “geometry of the compass”’ by a little- 
known Danish mathematician, Georg 
Mohr [2]. In 1672 Mohr published in both 
Danish and Dutch a small booklet which 
contained a complete and elegant handling 
of the construction problems of Euclid 
using only the compass without the aid of 


Figure 1 


Compendium 
EUCLIDIS CURIOSI: 
Dat is, 


Meetkonftigh Paffer-werck, 


Hoe men 


Met cen gegeven opening van een Paffer 


en cen Liniael , de Werck-flucken van Euchdes , 
onthinden kan, 


Gamen geftelt door cep Licf-hebber der felver Kontt. 


TAMSTERDAM, 
By JOANNES JANssoniUs van WAESBERGE, 1673. 
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Compendiam Buclidis Curioff : 
OR, 
GEOMETRICAL 


OPERATIONS. 


Shewing how 


With one fingle opening of the 
COMPASSESand a ftraight RULER 
all the PROPOSITION S of 
CLI D's ficlt Five Books are perfor- 
med. 


Tranflated out of Dutch into Englift, 
By Jofeph ographer to the Kings moft 
cellent 


r 
ent Majefty. 


LONDON: 


Printed by 7.C. for Fofeph Moxon, and fold at his thop on Lud- 
gate-bill at the figne of Atlas and by James Moxon, 
Charing-croft in the Strand, right againft King, 

the Eighth’s Inne. 1 67 7. 


Figure 2 


a straightedge. Since Mascheroni did not 
publish his Geometria del Compasso until 
1797, the expression “Mascheroni con- 
struction” to indicate a construction car- 
ried out with the compass alone should 
really give place to “Mohr construction,” 
although the former designation seems 
rather firmly entrenched in the literature. 


THE LIFE OF GeorG Mour 


Some information on Mohr was given 
by the Danish mathematician Johannes 
Hjelmslev in the introduction to the re- 
print of the Danicus in 1928 (which in- 
cluded a German translation) and in an 
additional article three years later [3]. In 
brief, Hjelmslev gives the following de- 
tails of Mohr’s life. 

Georg Mohr was born in Copenhagen 
on April 1, 1640. His father David was a 


merchant and an inspector of the hospital 
there. Early in life Mohr showed a special 
love for mathematics, and, recognizing 
that he would not be able to further his 
mathematical studies in Denmark, he left 
Copenhagen in 1662, at the age of twenty- 
two, and went to Holland. 

Nothing is known of any formal school- 
ing of Mohr in Holland. In 1672 he was in 
Amsterdam; in 1675 he was in England 
and Paris. In the spring of 1677 Mohr 
went from Paris to Holland and by 1681 
was back in Copenhagen as an independ- 
ent man of learning. Mohr married in 
1687, and in 1691 he and his wife went to 
Zwolle, in Holland, where a son Peter 
Georg was born the next year. In the 
summer of 1695 Mohr and his family went 
to the estate of Walter Tschirnhaus in 
Kieslingswalde (Upper Lusatia), where he 
was to collaborate with Tschirnhaus in his 
studies. 

Mohr died soon after, however, on 
January 26, 1697. He had traveled much 
during his life, and the many hardships 
endured in his travels may have con- 
tributed to his somewhat early death. 
During his earlier days in Holland he had 
been made a prisoner and was ill-treated 
by the French troops; at that time he lost 
all his goods and chattels including his 
manuscripts. Probably Mohr, like many 
others, was interested in Holland’s war for 
independence. 

In later life Mohr used the name Moh- 
rendahl. His widow married Johann Fried- 
erich Schmied, a chemist in the service of 
Tschirnhaus. His son remained in Ger- 
many and Germanized the family name 
into Mohrenthal; he became a bookseller 
and publisher in Dresden. 


AUTHORSHIP oF “Eucuipis Curtiosi” 


Additional information on Mohr, seem- 
ingly unknown to Hjelmslev even in later 
years, comes from the correspondence 
made available when the Gregory Tercen- 
tenary Volume was published in 1939 [4]. 
This volume reprints several letters, in 
which Mohr’s name is mentioned, from 
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' John Collins to James Gregory. Of par- 


ticular significance is the following, con- 
tained in a letter from Collins to Gregory 
written September 4, 1675. In this letter, 
after making reference to Mr. Walter 
Tschirnhaus, Collins wrote: 

. .. there being present with him a Dane named 
George Moorh who lately published in low 
Dutch, two little Bookes the one named Eu- 
clides Danicus where he pretends to perform all 
Euclids Problems with a paire of Compasses 
only without Ruler, and another intituled 
Euclides Curiosus, wherein with a Ruler and a 
forke (or the Compasses at one opening) he 
performs the same... 


Apparently persons in recent years who 
have known of this letter have been un- 
aware that copies of the Curiosi actually 
are still in existence, and those who have 
known of the Curiosi have not known of 
this letter. 

For example, Hjelmslev pointed out at 
a later time that all of the copies of the 
Dutch edition of the Danicus which he 
had seen (he did not say how many this 
was) were bound together with a “small 
anonymous work,” which we find through 
an intermediate reference refers to the 
Curiosi [5]. 

On the other hand, Joseph Hofmann re- 
ferred to this letter in his work on Leibniz 
and added, “Unfortunately, until the 
present time we have not succeeded in 
bringing forth this second work of Mohr, 
just as Euclides Danicus was not brought 
to the light of day until 1928” [6]. 

On the basis of this letter (and also 
because of certain similarities in the 
handling of problems in the two works), 
the identification of Mohr as the author of 
the Curiosi seems fully justified. 

Additional correspondence indicates 
that Mohr was also interested in other 
areas of mathematics besides geometry, 


particularly in the solution of the general , 


cubic equation. It is impossible to identify 
or evaluate his contributions in the fields 
of analysis or algebra from the secondary 
sources available thus far. Hjelmslev 
quoted Mohr’s son as stating that Mohr 
“had prepared three books on mathemat- 


ics and philosophy, which met with the 
great approval of the scholars” [3]. In 
another letter from Collins to Gregory, 
October 19, 1675, Collins referred to 
Mohr’s interest in the cubic equation and 
mentioned ‘‘a little treatise of that argu- 
ment and of Fortifications etc. that he left 
in Holland to be printed in low Dutch” 
[4]. It is possible that this is the third 
work, along with the Danicus and the 
Curiost. 


The PREFACE OF THE “CuRIOSI” 


The Curiosi begins with a brief preface 
and then includes the description of thirty- 
two constructions. It is in the preface that 
the author indicates why he presents this 
work. Here the author’s conjectures, ex- 
plorations, and eventual triumph are so 
succinctly set forth that it seems appro- 
priate to present them intact. The follow- 
ing is the English translation given by 
Moxon: 


It is very well known that the Judgements of 
men are changeable, and that at one time they 
will reject, through Ignorance, what at another 
time their Reason will cry up; and this many 
times proves prejudicial. Thus it hath hap- 
pened to me: For having read in Peter Ramus his 
Dutch Geometry, printed at Amsterdam 1622. 
fol. 44. how that one John Baptista hath set 
forth a Book wherein with one single given 
opening of the Compasses, he answers all Eu- 
clid’s Propositions and Operations. But that 
Book I could never yet get sight of. Therefore 
hath my curiosity prompted me to know the 
same; but when my thoughts fell upon the Two 
and twentieth Proposition of Euclid’s first Book, 
how of three given right Lines, equal to three 
given right Lines, to make a Triangle, I confess 
I thought it was not to be done; and upon in- 
quiry I found many skilful men of the same 
Opinion, also that the aforesaid Book never 
came forth, and that there were several J. Bap- 
tista’s that have written &c. whereof Marinus 
Bettinus in his #rarium Philosophiae Mathe- 
maticae, printed at Bononia 1648, makes mention: 
And if the dforesaid Book should have come 
forth, the aforesaid Author would doubtless 
have taken notice of it. But he hath performed 
several Propositions of Euclid’s first Book, with 
once opening of the Compasses, as 1, 9, 10, 11, 
12, and 31 Propositions. So also hath Peter Wils, 
in his Geometrical Works, printed at Amsterdam 
1654, fol. 62. shown how in a Circle to finde all 
inscribed equal-sided Figures sides, from a 
figure of three Angles to one of twelve Angles: 
by keeping the Compasses at the same width the 


Historically speaking,— 129 


A 
’ 
13 
\- 
3 
4 
+ | 
| 
is 
y 
ae 
ives 
vale 
vg fe 
Pay 
t 


Circle was made off, (which Daniel Schwenter 
also in his Geometry hath printed at Nurenburg 
1641, fol. 208.) This Author does indeed shew 
the length of the Line: For example, he shews in 
a Pentagon, as in the Four and twentieth Propo- 
sition of this Treatise DE is done, but not on its 
place, as GD, &c. So hath also Christopher 
Nottnagel in his Manuel Architecturae Militaris, 
printed at Wittenberg 1659, fol. 177, shewn how a 
Regular Fortification, without Arithmetick and 
by one single opening of the Compasses, may be 
described on Paper; which is the Two and 
thirtieth Proposition of this Treatise. 

These are all the Authors, ever came to my 
knowledge, that have written on this Subject; 
but they all use the Compasses opened to such a 
width, as one of the Lines (except Beltinus in 
some of his:) Neither do they scruple the using of 
a Line [7], though there be great difference in 
the Operation between a pair of Compasses and 
a Line, and a pair of Compasses alone; as may 
be seen in a Treatise named Euclides Danicus, 
set forth by Georg Mohr, and printed at Amster- 
dam 1672. 

Upon these considerations have I found an 
impulse upon me to expose this Small Work to 
publick view, (especially since several have 
written on the Subject; and though all have 
aimed at it, yet none could hit the White, as 
aforesaid) How onely with one given width of 
the Compasses and a straight Ruler (which I 
will use at my own pleasure to prolong a Line 
with) to demonstrate the Propositions of Eu- 
clid; as you may see in this small Treatise. 

And though these Propositions may be per- 


formed other ways, yet have I here set down — 


only the most singular, that may be easiliest 
understood. 

I would have added more Operations (as 
well how to perform the same with one given 
Line, and one given opening of the Compasses; 
as also with a given semi-Circle, or, &c.) as also 
how to describe Sundyals of what sort soever: 
but considering that all Flat or Plain Opera- 
tions may be reduced from these, these shall 
suffice. 

And if I finde this prove acceptable to you, 
then with good reason shall I publish something 
else of another nature. 


A detailed consideration of the fixed- 
compass accomplishments of the various 
geometers referred to is not pertinent here 
(see reference [1]). 

The rather casual reference to the 
Danicus is interesting, particularly if this 
is Mohr himself writing, as we believe it is. 
It can of course be noted that if the 
Curiosi had been better known over the 
years, the contents and true value of the 
Danicus might have been recognized 
much earlier. 


FIXED-COMPASS CONSTRUCTIONS 
IN THE “CuRIOSI” 

We recall that in the preface the author 
states that “with one width of the com- 
pass and a straight ruler” he will ‘““demon- 
strate the propositions of Euclid.” Ac- 
tually he presents twenty-nine basic con- 
structions, three of which are not given in 
Euclid (8, 19b, and 29). The first of these 
is used quite often as an intermediate step 
in other constructions; the latter two are 
not referred to again. 

Since there are forty-nine construction 
problems in Euclid, Mohr has not at- 
tempted every one of these. However, an 
analysis of the problems omitted reveals 
that all of these could be handled as in 
Euclid, by using the constructions Mohr 
has previously presented. Mohr makes no 
mention of this fact, however. He omits 
reference to problems of inscribing or cir- 
cumscribing circles about polygons except 
for finding the center of the circle inscribed 
in a triangle. Mohr does not include proofs 
for the constructions, but they are all 
correct. Figures for the constructions are 
all given on a single plate at the beginning 
of the book. 

Mohr’s descriptions indicate that he is 
interested in performing the constructions 
quickly and simply—but he always makes 
provision for the case where the given 
opening might be less than one would 
arbitrarily. choose if he had the oppor- 
tunity. Of particular note is the fact that 
when some other circle is involved (as in 
drawing a tangent to a given circle from 
an outside point), he includes a case 
which assumes knowledge only of the 
center and the radius, without the circle 
being completely given. Of the various 
geometers who gave fixed-compass solu- 
tions for Euclid’s problems, Mohr is the 
only one to do this. 

Mohr closes his work with three addi- 
tional propositions, the last two treating 
of Nottnagel’s fortification problem. The 
other proposition is a geometrical problem 
concerning the dividing of a triangular 
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fish pond with a walk about it into two 
equal parts in a specially designated 
manner. No new operations are presented 
in its solution. 

Since we hope that the idea of perform- 
ing Proposition 22, Book I, of Euclid with 
a fixed-compass has sufficiently intrigued 
some of our readers to wonder at least on 
what main principle the construction de- 
pends, we will conclude by listing the first 
14 propositions considered by Mohr and 
by including the constructions for several 
of the more difficult ones. 

To distinguish the order of Mohr’s prop- 
ositions from the propositions of Euclid, 
we have coded these M-1, M-2, etc. The 
notation A(r) means the circle drawn 
with center at A and with the fixed, 
arbitrary radius, r. 


M-1. To divide a.given lines into two 
equal parts. 

M-2. To erect a perpendicular to a line 
from a given point in the given 
line. 

M-3. To construct an equilateral tri- 
angle on a given side. 

M-4. To erect a perpendicular to a 
line from a given point off the 
given line. 

M-5. Through a given point to draw a 
line parallel to a given line. 

M-6. To add two given line segments. 

M-7. To subtract a shorter segment 
from a given segment. 

M-8. Upon the end of a given line to 
place a given segment perpen- 
dicularly. 

M-9. To divide a line into any number 
of equal parts. 

M-10. Given two lines, to find the third 
proportional. 

M-11. Given three lines, to find the 
fourth proportional. 

M-12. To find the mean proportional to 
two given segments. 

M-13. To change a given rectangle into 
a square. 

M-14. To draw a triangle, given the 
three sides. 


Figure 3: 


Solution of M-7: to subtract CD from 
AB (Fig. 3). Through B draw GB parallel 
to CD (by M-5). Connect DB and then 
draw CE parallel to DB (by M-5). B(r) 
gives F and H. Through E draw the par- 
allel to FH (by M-5), cutting AB at P. 
Then AP=AB—CD. (It is suggested to 
the reader that he attempt to adapt this 
construction to provide for M-6: to add 
two given segments.) 

Solution of M-12: to find the mean 
proportional to two given segments, AB and 
BP (Fig. 4). BP can be placed in proper 
position by M-6. Make any angle PAL. 
A(r) gives H and T. H(r) gives F. T(r) 
gives semicircle VA. Draw BG parallel to 
PF and GR parallel to FV (by M-5). Draw 
BS perpendicular to AB and RW per- 
pendicular to AB (by M-2). RW cuts 


Figure 4 
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semicircle in K. Join KA, cutting BS at 
M. Then BM is the required mean propor- 
tional. (The reader should analyze the 
construction to understand the purpose of 
transferring the ratio of the two given 
segments onto a segment of length 2r.) 

Solution of M-14: to draw a triangle 
given the three sides AB, AF, and FB (Fig. 
5). Find m, the third proportional to 
2AB and FB (by M-10); find n, the third 
proportional to 2AB and AF. Let 
BG =(AB/2)+m—n (by M-6 and M-7). 
Next, find FG as the mean proportional to 
(PFB+GB) and (FB—GB). Hence, at G 
erect the perpendicular and set off FG on 
this (by M-8), determining point 7. Draw 
AF and BF to complete the triangle. (A 
student who is familiar with the Law of 
Cosines should be able to supply a proof 
for this construction—Mohr did not give 
one.) 

Mohr’s figure for the last construction 
is just what is given in Figure 5—the 
given sides and the completed triangle 
with the altitude GF. One is reminded of 
the comment of Jacob Steiner, made with 
reference to geometrical constructions in 
general, “...It is a very different 
matter actually to carry out the construc- 
tions, i.e., with the instruments in the 
hand, than it is to carry them through, if I 
may use the expression, simply by means 
of the tongue” [8]. Fortunately, for our 
purposes, it is sufficient to perform these 
constructions “by means of the tongue’’! 
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Current proposals for new topics for 
the mathematics class suggest topics such 
as inequalities and polar equations. The 
articles below briefly describe ways of 


Some analytic geometry texts fail to 
emphasize the difference between the 
number of graphical intersections of two 
curves in polar coordinates and the num- 
ber of simultaneous solutions of two equa- 
tions in polar coordinates. For example, 
consider the equations r=} and r=cos 26. 
When graphed on the same polar system 
they have eight “intersections” (see 
Figure 1). 


R= COS 20 


Figure 1 


However, solving the equations simul- 
taneously yields only four simultaneous 
solutions: 


@ NEW IDEAS FOR THE CLASSROOM 


Edited by Donovan A. Johnson, University of Minnesota High School, 


Concerning simultaneous solutions of polar 
equations by the graphical method 


by A. A. J. Hoffman and Roger Osborn, University of Texas, Austin, Texas 


Minneapolis, Minnesota 


making these topics more meaningful. You 
can stimulate interest and help teachers 
introduce new topics if you will send your 
successful experiences to the editor. 


1 1 on 
Ga). 
1 1 Ilr 
Carrs 


The reason for the difference can best be 
shown to the student by graphing the 
given equations in rectangular cartesian 


coordinates (see Figure 2). 
It is easily seen that there are only four 


Figure 2 


R= COS 20 
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“intersections” between 0 and 2x. It 
should be emphasized that the reason for 
the difference is as follows. In rectangular 
cartesian coordinates, each point has asso- 
ciated with it a unique ordered number 
pair (the coordinates of the point), and 
the equation of a locus which passes 
through a particular point is satisfied by 
the coordinates of that point. Conversely, 
any number pair which satisfies the equa- 
tion must lie on the locus. 

In polar coordinates, each point has 


associated with it an infinite number of 
ordered number pairs. That is, if a point 
is located by the coordinates (r, @) then 
the same point has representations of the 
form (r, and (—r, 0+a+n-2r), 
where n is a positive integer. Not all 
representations of a point will satisfy the 
equation of a curve passing through that 
point. Therefore, in the example given, 
only four of the points have representa- 
tions which satisfy both equations simul- 
taneously. 


An application of inequalities 


by Don Wallin, Riverside-Brookfield High School, 


The axioms of inequalities have an in- 
teresting application in the solutions of 
verbal problems like this: 

Al, Dave, Jim and Sam were comparing the 

number of used cars they each had sold that day: 

a) Sam had sold more than Jim. 

b) Between them, Al and Dave had sold just as 
many as Jim and Sam. 

c) Al and Sam had not sold as many as Dave 
and Jim. 

What is the order of their salesmanship ability in 

terms of the number of used cars sold? 


To solve the problem let the initial of 
each salesman be the placeholder for the 
number of cars sold. Then the problem 
conditions become the following equa- 
tions or inequalities: 

a) S>J 

b) A+D=J+S8S 

A+S<D+J/ 

Is it possible to find the solution set for 
four unknowns with only three relation- 
ships given? 

To work with these inequalities we need 
the following axioms: 

I Ifa>band then a>c. 

II If unequals are increased by, dimin- 
ished by, multiplied by, or divided by 


Riverside, Illinois 


positive equals, the results are un- 
equal in the same order. 

III If unequals are subtracted from 
equals, the remainders are unequal in 
the reverse order. 

There are various ways to combine the 
three relationships of the problem using 
the axioms of inequalities. With the opera- 
tions below we arrive at a solution to the 
problem. 

1. Apply Axiom II to the sum of state- 

ments (c) and (b). 

2. Subtract (S+D) =(S+D) according to 

Axiom IT. 

3. Divide by 2 according to Axiom IT. 

. Subtract relationship (c) from relation- 
ship (b) according to Axiom ITI. 


A+S< D4J 
A+D= J+S 
S+D<2J+S+D 
S+D=  S+D 
<2/ 
AG 
J>A 
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A+S< D+J 
D-S> S-D 


This inequality means that Dave’s 
ability is greater than Sam’s, if the left 
member of the inequality is positive 
and the right member negative. The 
absolute difference between their abili- 
ties is the same. 

. Add (D+8S)=(D+S) according to 
Axiom II 

. Divide by 2 according to Axiom II 


D-S> (5) 
D+S= D+8 

2D > 2S 
> S (6) 


. Apply Axiom I to the relationships 
above, namely, 


D>S, S>J, J>A, to obtain 
D>S>J>A (7) 


Or, in other words, Dave sold the 
greatest number of used cars, Sam 
next, Jim third, and Al sold the least 
number of cars. 

Now try this problem: 

Bob, Hank, Jack and Tom _ played 
tug-o-war one day and 

a) although it was hard, Hank could just 
outpull Bob and Jack. 

b) Hank and Bob together could just hold 
Tom and Jack, with neither side being 
more powerful. 

c) If Jack and Bob change sides from 
their positions in statement (b), then 
Tom and Bob won rather easily. 


Can you use the axioms of inequality to 
determine how these boys compare in 
strength? 


A date to remember 


Thirty-eighth Annual Meeting 
National Council of Teachers 
of Mathematics 
Hotel Statler Hilton 
Buffalo, New York 
April 21-23, 1960 


New ideas for the classroom 
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® POINTS AND VIEWPOINTS 


A column of unofficial comment 


Arithmetic and teacher preparation 


In “Points and Viewpoints” in the 
November 1959 issue of THE MaTHEMAT- 
ics TEACHER Professor Francis J. Mueller 
makes the important point that teachers 
of mathematics must have a knowledge of 
arithmetic, not mathematical background 
alone. I am sure all of my colleagues on the 
Commission on Mathematics would agree. 

Professor Mueller also expresses the 
thought that the Report of the Commis- 
sion “can very easily be construed to 
bolster” the view that “if the prospective 
teacher knew enough arithmetic to pass out 
of the eighth grade, then she knows 
enough arithmetic to go back and teach 
that subject at any grade level below the 
ninth.” I am certain every one of my col- 
leagues would deplore such a perversion 
of the Report and would applaud Pro- 
fessor Meuller for contending that it 
should not so be used. 

But Professor Mueller’s position seems 
to me to rest on selective quotation and 
arguments from silence. He asks: “Does 
the Report mean to imply that all or even 
most of the secrets of arithmetic under- 
standing can be found in the study of alge- 
bra, geometry, and trigonometry?” and 
concludes, ‘“‘Apparently so.’”’ But he over- 
looks the fact that the Commission re- 
gards this material as background—the 
word is used repeatedly—and that it says, 
too, “additional work in college mathe- 
matics would be highly desirable.” I think 
my colleagues on the Commission would 
agree with me that it is almost axiomatic 


by Albert E. Meder, Jr., Rutgers University, 


New Brunswick, New Jersey 


that additional work for students prepar- 
ing for elementary teaching should include 
work in arithmetic. It is indeed unfortun- 
ate that we did not say so explicitly if the 
Report can be construed as Professor 
Mueller indicates. 

Moreover, our recommendations for 
teaching an adequate background of math- 
ematics to elementary teachers now in 
service indicate by implication, at least, 
that the :aembers of the Commission did 
not hold, as Professor Mueller fears, that 
“all or even most of the secrets of arith- 
metic understanding” are to be found in 
this background. We said: “It is necessary 
that this subject matter be professional- 
ized; in particular, that its relevance to the 
work of the elementary schools be 
stressed.”” Why would this have been 
added, had we held the view attributed 
to us? 

It should be indicated, however, that 
algebra, geometry, and _ trigonometry 
taught in the spirit and manner suggested 
in the Commission Report would in fact 
almost certainly make a significant con- 
tribution to a prospective teacher’s under- 
standing of arithmetic; much more than 
could be expected were these subjects 
taught from a formal manipulative point 
of view. 

But my main purpose in writing this 
note is to suggest that, since both adequate 
mathematical background and _ specific 
arithmetic knowledge are surely needed by 
elementary teachers, it would be well for 
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us not to quarrel among ourselves as to 
which is the more important, but rather 
to unite to secure enough time for mathe- 
matics in the teacher education curriculum 
so that both can be done. 


May the writer associate himself wholly 
with Dean Meder’s comments on Professor 
Mueller’s viewpoint as expressed in the 
November 1959 issue of THe MATuHE- 
MATICS TEACHER? 

Certainly it would be most unfortunate 
should the recommendations of the Com- 
mission on Mathematics be so miscon- 
strued as Professor Mueller thinks they 
might be. 

Anyone who has had the opportunity to 
survey—or even just to sense—the situa- 
tion nationally with respect to the teach- 
ing of arithmetic will know the sad fact 
that there are many elementary school 
teachers who have had neither the three 
years of high school mathematics which 
the Commission recommends as a mini- 
mum pretraining experience in mathe- 
matics, nor the kind of professionalized 
course (or courses) in arithmetic which 
Professor Mueller recommends (and which 
is so well illustrated by his own book on 
the subject). 

In contemplating this reality and to 
remedy this situation, we must develop 
ad hoc in-service courses which, of neces- 
sity, should stress Professor Mueller’s 
approach. However, anyone who has tried 
such an approach (as the writer has) know 
how much more difficult it is when even a 
minimum amount of high school mathe- 


In short, I don’t think Professor Mueller 
is taking issue with the Commission Re- 
port. He is just using it as a point of de- 
parture to emphasize a different—but also 
vitally important—matter. 


by Julius H. Hlavaty, Director, 
Mathematics Commission Program 


matics is lacking on the part of the 
participants. 

How much brighter might the future be 
if the training of elementary school teach- 
ers, and especially their professionalized 
subject-matter courses in arithmetic, could 
be based on at least a three-year high 
school course of the kind recommended by 
the Commission! 

Let us furthermore remember that the 
Commission’s Program presupposes a 
sound training in preliminary mathe- 
matics: ‘‘... This includes skill in the 
operations at adult level... and an un- 
derstanding of the rationale of the compu- 
tational processes. Understanding of a 
place system of writing numbers. . . . 
Report of the Commission on Mathematics, 
page 19. 

It was not within the province of the as- 
signment of the Commission to elaborate 
these suggestions. When the current in- 
terest in the improvement of mathemati- 
cal instruction evolves sufficiently to make 
a marked impact on elementary educa- 
tion, not only will the Commission’s Pro- 
gram be more easily realized, but a founda- 
tion for the training of future teachers will 
be that much more solid. 

As Dean Meder says, let us work toward 
making it feasible for future teachers to 
get both background and specific training. 
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Reviews and evaluations 


Edited by Kenneth B. Henderson, University of Illinois, Urbana, Illinois 


BOOKS 

Finite Mathematical Structures, John G. Kemeny 
et al. (Englewood Cliffs, New Jersey: Pren- 
tice-Hall, Ine., 1959). Cloth, xi+487 pp., 
$7.95. 

This book is more exclusively a college-level 
book than its distinguished predecessor, Finite 
Mathematics, by John G. Kemeny et al., which 
it overlaps somewhat but does not presuppose. 

The book under review is likely to have sev- 
eral appeals to readers of THE MATHEMATICS 
TEACHER. 1) It presents in one volume a careful 
and reasonably elementary presentation of prop- 
ositional logic, probability, vector spaces and 
matrices, linear programming, and Markov 
chains. 2) It employs the language of set theory 
and gives familiarity with supplementary de- 
vices such as tree diagrams. 3) It has a wealth 
of new applications which show the power and 
promise of these ‘‘modern’”’ mathematical disci- 
plines. Note that many of the applications lie in 
the physical sciences—a proof that the name 
“social science mathematics,’’ which has been 
applied to some or all of these areas of mathe- 
matics, is too narrow a descriptive title. 

We remarked that this book uses the lan- 
guage of set theory. Let us add that it does so 
with restraint. (For example, function is not de- 
fined as a kind of subset of a Cartesian product 
of sets—see p. 70.) This has some bearing on an 
important pedagogical problem. For the mathe- 
matics teacher is currently caught up in a con- 
flict between a school of thought whom we may 
eall the intensionalists, who consider relation 
and property, for example, as basic, primitive 
notions; and the extensionalists, who would re- 
duce these and other concepts to set theory. 

An illustration may clarify the nature of 
their disagreement. The extensionalists hold 
that, the relation “greater than’? (among the in- 
tegers, say) is best defined by (is best construed 
‘as) the set of all ordered pairs, such as (3,1), 
(17, -4), ete.—all pairs in which the first com- 
ponent is the larger. In other words, they stress 
a set or extension of all possible cases. The in- 
tensionalists, on the other hand, argue that such 
a set of ordered pairs may mirror or clarify, but 
‘annot displace the prior notion of “greater 
than.’”’ The disagreement thus transfers into the 
arena of set theory part of the old struggle be- 
tween intuitionism and formalism. Pending a 
settlement of this conflict, it is probably fortu- 
nate that much of the literature, including the 
book under review, uses only the moderate spe- 
cies of set language and thereby avoids entangle- 
ment in this dispute-—Carl H. Denbow, Ohio 
University, Athens, Ohio. 


On Mathematics and Mathematicians, Robert 
Edouard Moritz (New York: Dover Publica- 
tions, Inc., 1959). Paper, v+410 pp., $1.95. 


This delightful book is an unabridged and 
unaltered republication of the 1914 edition of 
Memorabilia Mathematica. It contains 1140 
anecdotes, aphorisms, quotations from famous 
mathematicians, scientists and writers. 

In its twenty-one chapters mathematicians 
will find encouragement, inspiration, and pleas- 
ure in reviewing the enormous achievements and 
dynamic personalities of great mathematicians. 
Teachers of mathematics and writers about 
mathematics will find this book a compendium 
of mathematical ideas and authentic quotations. 
The average layman, too, will find mathematics 
revealed as a dynamic and continually expand- 
ing science dedicated to the intellectual develop- 
ment and service of all mankind. 

The annotated selections contained in this 
book were gathered from the works of three 
hundred authors, and deal with such topics as 
definitions and objects of mathematics; the 
teaching of mathematics; mathematics as a 
language or a fine art; modern mathematics; the 
relationship of mathematics to logic, philosophy 
and science; the nature of mathematics; the 
value of mathematics; research in mathematics. 
Special chapters are devoted to passages re- 
ferring to the subject fields of arithmetic, al- 
gebra, geometry, the calculus and allied topics, 
and concepts of space and time. 

The quotations, anecdotes, and aphorisms 
listed are, in the main, taken from the writings 
of great mathematicians of yesteryear. (Remem- 
ber the book was first published in 1914.) How- 
ever, many of the ideas presented by these 
mathematical giants are just as stimulating, 
penetrating, and applicable to today’s science as 
they were when they were first presented. 

A few quotations are: 

“He who is unfamiliar with mathematics 
(literally, he who is a layman in mathematics) 
remains more or less a stranger to our time.’’- 
E. Dillman, Die Mathematik die Fackeltrdgerin 
einer neuen Zeit (Stuttgart, 1889), p. 39. 

“One may be a mathematician of the first 
rank without being able to compute. It is possi- 
ble to be a great computer without having the 
slightest idea of mathematics.’’— Novalis, 
Schriften, Zweiter Teil (Berlin, 1901), p. 223. 

“All the modern higher mathematics is based 
on a calculus of operations, on laws of thought. 
All mathematics, from the first, was so in 
reality; but the evolvers of the modern higher 
ealculus have known that it is so. Therefore 
elementary teachers who, at the present day, 
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persist in thinking about algebra and arithmetic 
as dealing with laws of number, and about 
geometry as dealing with laws of surface and 
solid content, are doing the best that in them 
lies to put their pupils on the wrong track for 
reaching in the future any true understanding of 
the higher algebras. Algebras deal not with laws 
of number, but with such laws of the human 
thinking machinery as have been discovered in 
the course of investigations on numbers. Plane 
geometry deals with such laws of thought as 
were discovered by men intent on finding out 
how to measure surface; and solid geometry 
with such additional laws of thought as were dis- 
covered when men began to extend geometry 
into three dimensions.’’-—M. E. Boole, Logic of 
Arithmetic (Oxford, 1903), Preface, pp. 18-19. 

“Every mathematical book that is worth 
reading must be read ‘backwards and forwards,’ 
if I may use the expression. I would modify 
Lagrange’s advice a little and say, ‘Go on, but 
often return to strengthen your faith.’ When you 
come on a hard or dreary passage, pass it over; 
and come back to it after you have seen its im- 
portance or found the need for it further on.’ 
——George Chrystal, Algebra, Part 2 (Edinburgh, 
1889), Preface, p. 8. 

For teachers, writers, laymen and embryonic 
mathematicians alike, this is a book well worth 
reading and retaining for future reference.— 
Daniel W. Snader, Specialist for Mathematics, 
U.S. Office of Education. 


A Modern Introduction to College Mathematics, 
Israel Rose (New York: John Wiley and 
Sons, Inc., 1959). Cloth, xxi +529 pp., $6.50. 


The point of view subscribed to by the au- 
thor of this textbook is that ideas are basic in 
mathematics and that mathematics is best char- 
acterized, expressed, and understood in terms of 
its ideas. The ideas of mathematics which the 
author has reference to are: set, one-to-one cor- 
respondence, function, and relation. Emphasis 
is given to the sources (via the historical ap- 
proach) and uses of these ideas and to the sym- 
bols and language in which they are expressed. 
These ideas are well used throughout the text to 
tie together the traditional subject matter of 
trigonometry, algebra, and analytic geometry. 
In addition these ideas are well used to intro- 
duce statistics and calculus. 

An outstanding feature of the author’s meth- 
od of presentation is that in developing new 
concepts he consistently helps the reader to ab- 
stract the concepts instead of presenting them 
in completed form. The student is able to dis- 
cover concepts for himself by this method of 
presentation. 

This text is so written that it is possible to 
use it both with students desiring a “liberal 
arts’’ view of mathematics and with those pre- 
paring for a rigorous study of the subject. Ques- 
tions and exercises are abundant throughout the 
text. Among the questions are those which are 


helpful for focusing and reviewing the concepts 
developed. 

The book has a few weaknesses. First, the 
type used is small, fine, and light, and hence 
difficult to read. Second, the “‘boxing’’ of the 
formulas and definitions seems to place too great 
emphasis on the mere memorization of these 
ideas rather than on their development and un- 
derstanding. Third, the author uses, at times, 
mnemonic devices in places where it seems con- 
trary to his efforts at pointing out the logical 
and axiomatic nature of mathematics.—Nancy 
C. Whitman, Wisconsin State College, Oshkosh, 
Wisconsin. 


The Modern Slide Rule, Stefan Rudolf (New 
York: The William-Frederick Press, 1959). 
Paper, 58 pp., $5.00. 


This book is a complete text on simplified 
rules for fundamental slide-rule operations. It 
teaches problems common to all kinds of slide 
rules, considering the use of the principal C, D, 
CI, A, B, K, and L scales, certain special CF, 
DF, and CIF scales, trigonometric S, 7, and 
ST scales, and Log Log, DF,,, and scales. In 
addition to a brief explanation of the opera- 
tional technique, there are examples to explain 
the new and old ideas. Also, there is an excellent 
group of exercises, with answers, at the end of 
the book. 

There are excellent drawings of several types 
of slide-rules at the beginning of the book, which 
illustrate the meaning of all the numbers for the 
various scales. These explain why the scales are 
divided in progressively diminishing parts. 

The author gives a unique method of estab- 
lishing the decimal point, although it isn’t new. 
It does eliminate: (1) approximate calculating 
by “common sense’’; and (2) rounding off fac- 
tors to the smaller nearest result by mental 
arithmetic. Since it is necessary to have a basic 
knowledge of logarithms to understand the text 
as well as the operation and use of the slide rule, 
it would be much more convenient to use loga- 
rithmic characteristics or scientific notation 
than to show numbers that represent multiples 
of 10, 100, 1000, ete. 

Under the rules for multiplication, it states: 

“Set the hairline to a factor on the D scale. 

“Set the left 1 (left index) on the C scale 
under the hairline. 

“Move the hairline to the other factor on the 
C scale. 

“Find the product under the hairline on the 
D scale.” 

In the second rule, it would be a little dis- 
concerting to a beginning student trying to 
figure out one of the given examples, viz., 525 
X0.38= 199.5, to find that this rule would place 
the other factor of the C-scale entirely off the 
D scale. 

On the whole, the book is a well-written, 
easily understandable teaching text. The price 
of $5.00 is excessive, especially for high school 
students.— William B. Lantz, Mansfield Senior 
High School, Mansfield,' Ohio. 
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@ TIPS FOR BEGINNERS 


When I am teaching, especially in the 
junior high school and through the tenth 
grade, I try to give students the impres- 
sion not only that mathematics is in- 
teresting, even exciting, but also that it is 
entirely possible to follow and understand 
it. I’ll admit that in doing this I may not 
be giving a completely honest picture to 
some of the class members, but still, this 
is the viewpoint I try to put across. 

In working toward this end, I usually 
introduce new material in class, so that 
the students and I develop the material 
together. I have studied the topic in detail 
myself and have a careful plan in mind. I 
often begin by saying, “You will need a 
pencil in hand and a piece of paper under 
it.” If there is a figure, it is developed at 
the board and each student is encouraged 
to sketch his own. A typical question 
may be, ““What do you think would be the 
next thing to prove? Jot your answer 
down on your paper.” 

In this way I help students to get away 
from the vagueness of response that may 
so easily result if there is a general ques- 
tion. If there are different responses I 
think a pupil is more likely to be en- 
couraged to speak up for his own answer 
if he has been specific enough to write it 
down. “Do you think we now have enough 
material to show that two triangles are 
congruent? Answer Yes or No on your 
paper. If you said Yes, write down the 


When I teach geometry 
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pair of triangles and also the three pairs of 
congruent parts you are using.” 

With this type of activity I think I am 
able to give the students a major part in 
developing the new material, and to keep 
practically everyone alert and taking 
part. As we proceed in the course I give 
less help in the class development, per- 
haps only making a suggestion as to an 
auxiliary line to be used—leaving the rest 
of the explanation and proof to the class. 

In my planning I have tried to remem- 
ber what difficulties have arisen in other 
years so that I can either eliminate them 
in the explanation as it proceeds, or be 
ready to understand them quickly when 
they arise. For example, some pupils in 
every geometry class have trouble reading 
an angle with three letters. This seems a 
very easy thing to do, but experience has 
shown me that it is hard for some, so I 
always manage a variety of practice to 
help people acquire this skill. 

Picking out corresponding sides and 
corresponding angles of congruent tri- 
angles is always difficult for some, too. 
Again, I develop a variety of practice 
along this line, being very careful to point 
out just which side is opposite each angle. 
With the new geometry material devel- 
oped by the School Mathematics Study 
Group this difficulty should not arise, 
since congruent triangles and similar 
triangles are always lettered consistently 
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to point out the corresponding parts. That 
AABC=ADEF means that 2A cor- 
responds to ZD, ZB corresponds to 
ZB, AB corresponds to DE, and so on. 
Especially when students are beginning 
geometry, I want things to go smoothly. 
I’m eager to have them understand the 
material when it first appears. I want to 
avoid as much as possible that frustrated 
feeling, ‘I just don’t get this,” that ends in 
a mental block against the whole subject. 
In the assignment I suggest a careful re- 
view of the material covered in class, and 
I include a number of problems selected 
to use the new idea and drive it home. 
Later in the year, of course, I throw 
students more on their own in studying 
new material. If I am teaching eleventh 
and twelfth grade students, I feel that it is 
part of my duty to give them practice in 
digging out textbook explanations on 


their own. I tell them often that reading . 


and studying mathematics involves hav- 
ing a pencil and paper at hand for use in 
figuring out the intermediate steps which 
the authors have omitted. 

As a rule I don’t let a textbook restrict 
me unduly. If I think up a development 
different from that in the text and con- 
sider it an improvement, I use mine. 

It is often necessary for the teacher to 
supply the simple one-step, one-question 
type of exercise needed to emphasize a 
point as discussion proceeds; to clear up 
the confusion shown by some facial ex- 
pressions; to propose a numerical illustra- 
tion. Such an exercise written into the 
margin of the book at the appropriate 
place may serve to recall next year an 
excellent illustration which may be for- 
gotten in the interval. 

Long lists of problems are needed to 
give the teacher an opportunity to choose 
the ones that seem especially helpful. 
Often I use only part of the list, giving 
easier ones to some class members and 
tough ones to other class members. No 
one text ever seems to have enough prob- 
lem material. It is necessary to locate 
good problems in several texts and to 


develop problems that fit special situa- 
tions which arise. I keep a list of these or 
a file for future use and use as many as 
are needed of the ones I like best to put 
across the idea, and then go along to new 
material. As far as I am concerned, prob- 
lems are not necessarily kept for assign- 
ments. I use many of them in class. My 
idea is that problem sets should be used in 
any way or at any time that they serve to 
help in putting across the material. 

Informal discussion among teachers 
about how we use problems is always in- 
teresting. I seem to be alone in my idea 
that it is neither profitable nor possible to 
have students write out several proofs 
every night. It is not possible in my case 
because I do not have time and patience 
to look them all over. 

When we first begin to write out proofs 
of originals in my class, it is of course 
necessary to have everyone write out 
quite a few. Part of these I manage to 
check carefully myself. Part of them the 
class members check themselves; in this 
case everyone will have used identical 
lettering and a correct proof will be de- 
veloped and written at the board, the 
whole class contributing. Alternate steps 
are pointed out and discussed and in- 
dividual questions answered until I feel 
that everyone understands whether or not 
his proof is good and if not good, how it is 
wrong. 

And soon I’m having one proof, or no 
proofs, written out and am making an 
assignment like this, “Study problems 3, 
4, 5, 7,11, and 12 to be ready to prove in 
class orally tomorrow. Bring your figures 
and enough notes so that when you get 
here you can quickly recall your plan 
and be able to give a full oral proof.” I 
put it up to the students that I believe in 
this way we can cover more ground more 
quickly and can get more practice. I point 
out that by studying two or three exercises 
in the time it would take to write out one 
they are getting a wider variety of practice. 

I honestly believe I get as far this way 
with my people with less frustration on 
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their part, and, to tell the truth, I just 
cannot face mountains of geometry proofs 
to correct night after night. To be sure 
there is the occasional boy or girl who 
shirks, but I can soon see who he is and 
get on his trail, and the first test shows 
him that the practice I advised is im- 
portant. 

Others are amazed by my statement of 
method—I am sure some think it an un- 
wise plan—but for me it works. After all, 
geometry originals are fun to do, and it is 
much more fun to work at proving several 
than to spend time in writing out one or 
two. 

I believe in using either two-column or 
paragraph proofs, as may seem most con- 
venient. I do think that at first it will 
probably be easier for the students to do 
two-column proofs, since in that way they 
can more readily check the completeness 
of their proofs. You will do as you see fit 
about this, since a two-column proof is 
surely correct (if it is well done). This 
form of proof could be used until the end 
of the year, as probably many of us have 
been accustomed to doing. But I feel 
that it should be permissible to write : 
paragraph proof which, after all, is in line 
with the oral proof that is given in class. 
Also, in the paragraph form of proof it 
seems easier to give a more condensed, 
abbreviated proof. I approve of letting 


pupils do this as they become more adept, 
and as I become more familiar with their 
abilities and can tell which ones under- 
stand the material, even without a de- 
tailed proof. Of course I’ll admit that all 
this fits in with my feeling that there can 
readily be too many detailed written 
proofs. 

These points of my teaching method in 
geometry can be summarized as follows: 


1. I try to lead young people to feel that 
mathematics is interesting and _per- 
fectly possible to understand. 

I develop new material in class, par- 
ticularly at the beginning of the year. 
Later in the year I give students more 
opportunity to study new material on 
their own. As new material is presented, 
I try to anticipate the learning difficul- 
ties that pupils are likely to have. 

In classroom development, I have 
pupils keep paper and pencil ready to 
jot down answers to my questions, or to 
sketch a figure. This keeps them ac- 
tively involved in the learning process. 
I make a modest number of assign- 
ments for written proofs. Instead of 
many written proofs I ask pupils to 
study several problems to be ready to 
go over them orally in class. 

{ither a two-column or a paragraph 
proof is acceptable to me. 


“The idea that aptitude for mathematics is 
rarer than aptitude for other subjects is merely 
an illusion which is caused by belated or neg- 
lected beginners.”’—J. F. Herbart. 
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THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


Thirty-eighth Annual Meeting 


The Thirty-eighth Annual Convention 
of the National Council of Teachers of 
Mathematics will be held in the Hotel 
Statler Hilton, Buffalo, New York, on 
Thursday, Friday, and Saturday, April 
21-23, 1960. Registration will begin Wed- 
nesday afternoon, April 20. 

The opening general-session address on 
Thursday evening, ‘‘Mathematics and 
Human Knowledge,” will be made by 
Carroll V. Newsom, president of New 
York University. The other general-session 
addresses, ‘‘Mathematics and Psychology” 
and “Human Intelligence and Mechanical 
Brains,” will be given by R. Duncan Luce, 
University of Pennsylvania, and Tibor 
Rado, Ohio State University. The banquet 
address will be given by Dael Wolfle, exec- 
utive officer, American Association for the 
Advancement of Science. President Harold 
P. Fawcett has selected as his retiring 
president’s address ‘‘Guidelines in Mathe- 
matics Education,” to be given at the 
luncheon. 

At this meeting the Twenty-fifth Year- 
book, Instruction in Arithmetic, under the 
editorship of Foster E. Grossnickle, will be 
presented. This Yearbook will provide the 
theme for several addresses during the 
program: ‘Arithmetic in Today’s Cul- 
ture,” “Set, Seale, Symbol,” “Definitions 
in Arithmetic,” “Obtaining Greater In- 
dividual Differences,” and “Guidance and 
Counseling in Arithmetic.” At an early 
sectional meeting, editor Grossnickle will 
present “The Point of View of the Twenty- 
fifth Yearbook.” 

There are some forty-two sectional 
meetings planned to meet the interests and 


needs of all who may wish to attend the 
convention. Special attention will be given 
to a series of meetings for those interested 
in supervision. These meetings include in- 
service programs, book studies, a report 
of a research institute for elementary 
teachers, discussion of the role of city and 
state mathematics consultants, and a re- 
port on special services provided by the 
National Education Defense Act, by the 
U.S. Office of Education, and by the 
National Council of Teachers of Mathe- 
matics. Also, we will continue to have a 
series of lectures in mathematics and in 
the psychology of learning. Sessions of 
interest on teaching mathematics from the 
early grades of the elementary school 
through the undergraduate work of the 
college will be continued. 

A demonstration with children in grades 
five and six is planned for those concerned 
with elementary school mathematics, to be 
taught by David Page, of the University 
of Illinois. Addresses will be ‘How to 
Improve the Elementary-School Mathe- 
matics Curriculum,” “Thought Process of 
Sixth-Grade Pupils While Solving Verbal 
Problems in Arithmetic,” ‘Depth in 
Arithmetic Learning—the Why and the 
How,” “Teaching the Language of Per 
Cent,’”’ and ‘‘A New Look at Content and 
Its Placement in Elementary Mathe- 
matics.” 

In light of new developments in second- 
ary-school mathematics, the following are 
some of the addresses to be given: ‘A 
High School Seminar in Modern Mathe- 
matics’’; ‘A Report of SMSG Activities,” 
to be followed by a panel of teachers dis- 
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cussing the use of the materials in the 
classroom; “‘Updating Mathematics With- 
out a Revolution”; Madison Project, 
Algebra in Grades Five Through Eight’; 
“Certain Implications and Applications of 
the Set Concept” ; “Vector Trigonometry”’; 
“Probability and Statistics”; and “How 
Should we Evaluate the New Curricu- 
lum in Secondary Schools?” One sectional 
meeting is primarily concerned with gen- 
eral mathematics; those attending can ex- 
pect to hear discussed, “Trends in Occu- 
pation Relating to Terminal Courses in 
High School Mathematics,” and “Whither 
General Mathematics in the Junior High 
School?” 

Of particular interest to those involved 
with student programs in the secondary 
schools are two meetings devoted to ad- 
vanced placement. The latter of these will 
be a panel discussion by students who are 
or have been in advanced placement pro- 
grams. Other kinds of programs to be dis- 
cussed will include summer institutes, con- 
tests, clubs, and correspondence courses 
for gifted pupils. Helen Garstens, of the 
University of Maryland Mathematics 
Project, will teach a demonstration lesson 
using junior high school students. 

The program has an international flavor 
too. There will be opportunity to hear 
about mathematics programs in Canada, 
Europe, the South Seas, Norway, Russia, 
and Australia. 

One may wish to make some value judg- 
ments regarding approaches to teaching 


algebra and geometry. Addresses will be 
presented entitled, ‘A Comparison of Two 
Methods of Teaching Algebra in the Ninth 
Grade,” “Content and Philosophy of the 
SMSG Elementary Algebra Curriculum,” 
“The SMSG Geometry Program,” and 
“In Defense of a Conservative Approach 
to Geometry.” 

At special request, one sectional meeting 
will be devoted to the mathematics edu- 
cation of elementary teachers. However, 
junior high school and senior high school 
teacher education has not been neglected. 
As usual, we have some very excellent sec- 
tional meetings planned by our commit- 
tees in research, evaluation, the gifted 
student, television, and international re- 
lations. 

Three laboratory sessions are available, 
one for elementary school teachers, one for 
junior high school teachers, and one for 
senior high school teachers. However, 
these will emphasize ideas, rather than ex- 
tensive construction of materials. 

For those who register early, there will 
be special tours to observe electronic 
mathematical operations at the Reming- 
ton Rand Division of the Sperry Rand 
Company and at the International Busi- 
ness Machines Company. Many undoubt- 
edly will want to visit Niagara Falls during 
their stay. 

May you plan now to be among the 
some 2500 elementary, secondary, and col- 
lege mathematics teachers who are ex- 
pected to attend this convention! 


“The social sciences mathematically de- 
veloped are to be the controlling factors in 
civilization.’”—W. F. White, A Scrap-book of 
Elementary Mathematics, Chicago, 1908, p. 208. 
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Your professional dates 


THIRTY-EIGHTH ANNUAL MEETING 


April 20-23, 1960 
Statler-Hilton Hotel, Buffalo, New York! 
Louis F. Scholl, Board of Education, Buffalo 2, 
New York 


JOINT MEETING WITH NEA 


June 29, 1960 
Los Angeles, California 
M. H. Ahrendt, 1201 Sixteenth Street, N. W., 
Washington 6, D. C. 


Mathematics Section, New York Society for Ex- 
perimental Study of Education 


March 12, 1960 

Grace Dodge Hall, Teachers College, Columbia 
University, New York, New York 

John A. Schumaker, Secretary, Montclair State 
College, Upper Montclair, New Jersey 


Ohio Wesleyan Conference on Modern Trends in 
Mathematics 


March 12, 1960 

Ohio Wesleyan University, Delaware, Ohio 

Lyman C. Peck, Ohio Wesleyan University, 
Delaware, Ohio 


Chicago Elementary Teachers’ Mathematics Club 


March 14, 1960 

Toffenetti’s Restaurant, private dining room, 
65 West Monroe Street, Chicago, Illinois 

Ramona H. Goldblatt, Burley School, Chicago, 
Illinois 


Georgia Mathematics Council 


March 18, 1960 

City Auditorium, Atlanta, Georgia 

James P. Brown, Southwest High School, 3116 
Sewell Road, 8.W., Atlanta 11, Georgia 


Mathematics Section, Maryland State Teachers 
Association 


March 26, 1960 

Towson State Teachers College, Towson 4, 
Maryland 

W. Edwin Freeny, President, 507 Milford Mill 
Road, Pikesville 8, Maryland 


The Association of Mathematics Teachers of New 
Jersey 


March 26, 1960 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THe MArTHe- 


NCTM convention dates 


Other professional dates 


MATICS TEACHER. Announcements for this col- 
umn should be sent at least ten weeks early to 
the Executive Secretary, National Council of 
Teachers of Mathematics, 1201 Sixteenth Street, 


N.W., Washington 6, D. C. 


TWENTIETH SUMMER MEETING 


August 21-24, 1960 
University of Utah, Salt Lake City, Utah 


Eva A. Crangle, Board of Education, Salt Lake 


City 11, Utah 


NINETEENTH CHRISTMAS MEETING 


December 27-30, 1960 
Arizona State College, Tempe, Arizona 
William D. Ray, Arizona State College, Tempe, 
Arizona 


Trenton State College, Trenton, New Jersey 
Gail B. Koplin, 14 Schuyler Drive, Clark, New 
Jersey 


Association of Teachers of Mathematics of New 
York City 


March 26, 1960 

Room 846, Washington Irving High School, 40 
Irving Place, New York, New York 

Lee Batch, New Utrecht High School, 17th 
Avenue and 80th Street, Brooklyn, New York 


Illinois Council of Teachers of Mathematics 


March 26, 1960, East St. Louis, Illinois 

April 2, 1960, Normal, Illinois 

April 9, 1960, Macomb, Illinois 

April 15, 1960, Charleston, Illinois 

April 16, 1960, Carbondale, Illinois 

April 30, 1960, Cicero, Illinois 

T. E. Rine, Illinois State Normal University, 
Normal, Illinois 


The Ontario Association of Teachers of Mathe- 
matics and Physics 

April 19-20, 1960 

Ontario College of Education, Toronto, Ontario 

Father John C. Egsgard, St. Michael’s College 
School, Toronto 10, Ontario 


The Nebraska Section of the National Council of 
Teachers of Mathematics 

April 30, 1960 

Lincoln Public Schools Administration Building, 
720 South Twenty-Second Street, Lincoln, 
Nebraska 

Monte 8. Norton, 720 South Twenty-Second 
Street, Lincoln, Nebraska 
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FUNCTIONAL 


MATHEMATICS 
by William A. Gager and others 


. is integrated mathematics for the school years 7-12 
. is for students of average and above average ability 


. convinces students that mathematics is interesting and important, 
thus insuring retention 


. is for those schools wishing to improve on the traditional approach 
to mathematics without the impossible extremes advocated by some 
groups 


. has been bought in classroom quantities in forty-six states and by 
hundreds of schools. 


For further information write to 


EDUCATIONAL DEPARTMENT 
CHARLES SCRIBNER’S SONS 597 Fifth Ave., New York 17, NY. 


MATHEMATICS STUDENT JOURNAL 


A quarterly publication of the National Council of Teachers of Mathematics 


For students from Grades 7 thru 12. 

Contains material for enrichment, recreation, and instruction. 
Features challenging problems and projects. 

Two issues each semester, in November, January, March, and May. 


Note these low prices: 


Sold only in bundles of 5 copies or more. Price computed at single-copy rates of 
30¢ per year, 20¢ per semester, making the minimum order only $1.50 per year 
or $1.00 per semester. 


Please send remittance with your order 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
120! Sixteenth Street N.W., Washington 6, D.C. 


Please mention THe MaTHEMaTics TEACHER when answering advertisements 
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For a smoothly integrated, 
Teachable geometry program 


AVERY'S 
PLANE GEOMETRY 
SOLID GEOMETRY 
Both Revised by William C. Stone 


PLANE GEOMETRY provides practical instruction in 
the basic facts of geometry while emphasizing the principles 
and practices of logical thinking as applied to everyday 
problems. The text successfully utilizes the “learn by dis- 
covery’ method in contrast with the often meaningless 


memory approach. 


An optional chapter on coordinate geometry has been 
added, which is especially beneficial to those preparing for 
advanced mathematics in high school or college. . 


SOLID GEOMETRY has been newly revised for 1960. 
It too, is keynoted by functional use of color, a new, attrac- 


tive, readable format, and a new cover. It contains a new 
introductory chapter explaining things on an intuitive, in- 
formal level and new material on locus. A long-standing 
favorite in both texts, the Plan of Attack prior to each 
proof, has been retained. 


Both texts are so well integrated that they may be com- 
bined in an accelerated, one-year program if desired. 


ALLYN and BACON, Inc. 


Boston Englewood Cliffs, N.J. Chicago 
Atlanta Dallas San Francisco 


Please mention THE MATHEMATICS TEACHER when answering advertisements 
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INSIGHTS INTO MODERN 
MATHEMATICS 


23rd Yearbook of the 
National Council of Teachers of Mathematics 


Authored by a group of outstanding mathemati- 
cians. 


‘. The strong demand for this recent yearbook has 
What is meant by “modern already required three printings. 


mathematics"? 


CONTENTS 
Introduction 
How much of it can be . The Concept of Number 
taught in the high school? . Operating with Sets 
Deductive Methods in Mathematics 
Algebra 


Has the point of view in 
mathematics been Geometric Vector Analysis and the Concept 
changed? of Vector Space 
Limits 
Functions 


You cannot answer, or . Origins and Development of Concepts of 
even understand, these Geometry 
questions without informa- . Point Set Topology 
tion. . The Theory of Probability 
Computing Machines and Automatic Decisions 


Implications for the Mathematics Curriculum 


$5.75 $4.75 to members of the Council 


Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention THE MATHEMATICS TEACHER when answering advertisements 
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ALGEBRA 


FEHR 
CARNAHAN 
Course 2 BEBER MAN 


Course 1 


Truly effective mathematics texts for use in high school classes. 


Sound mathematics is made interesting 

Meaning is emphasized before techniques 

Sections on the history of algebra are provided 

Arithmetic practice is integrated with the work in algebra 


Vocabulary, Word Problems, 
Practice Exercises, 
Diagnosis and Remedial Practice 
help teachers guide pupils. 


TEACHERS MANUALS, ANSWERS, TESTS, KEYS 


D. C. HEATH AND COMPANY 


Please mention THe MATHEMATICS TEACHER when answering advertisements 
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(10 sq. per in.) 


No. 
(Millimevers) 


1. Working Space Around the 
Drawing. 


2. Popular Prices. 

3. ORANGE Colored Systems. 
4. 20 Sheet Pkgs. 

5. Size 8% x 11. 

6. Punched 5 Holes. 

7. Highest Quality. 


RETAIL PRICES 
20 Sheet Pkg. 


MATH-MASTER GRAPH PAPER WAS DESIGNED TO PROMOTE NEATNESS IN THE STUDENTS 
WORK, and, MAKE THE WORK EASIER FOR THE TEACHER TO GRADE. The “working space 
around the drawing” is the best idea in years to make graph paper better. Insist on the best, tell your 
students to buy MATH-MASTER. 5 


Write for Sample and School Discount 


GAMCO Products 


CG 
FE | “Better Things... for Better Teaching” 


Cable /.ddress: GAMCO, Big Spring, Texas 
Mail: P. O. BOX 305 - BIG SPRING, TEXAS 


Please mention THE MatHEMATICS TEACHER when answering advertisements 
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SECONDARY MATHEMATICS 
CURRICULUM 


Report of the | 
NCTM SECONDARY SCHOOL 
CURRICULUM COMMITTEE 


present curriculum problems and trends 
in secondary school mathematics with 


7 films 


relationships, and development of 


THE | | UNDERSTANDING 


featuring Dr. Phillip Jones, 
| Associate Professor of Mathematics, 
A broad comprehensive discussion of | University of Michigan 
| 


illustrate the nature, 


1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


~ recommendations based upon the study | | number systems and operations 
and thinking of many groups and The Earliest Numbers 
persons. Base and Place 
32 pp. 50¢ each Big Numbers 
Fundamental Operations 
NATIONAL COUNCIL OF Short Cuts 
TEACHERS OF MATHEMATICS Fractions 
| New Numbers 


Write for free descriptive brochure to: 


NET FILM SERVICE 


INDIANA UNIVERSITY 
BLOOMINGTON 


MATHEMATICAL 


TEACHING MODELS 


For every course where geometry is used, taught or applied, 
there is a model available for use. Theorems can be illustrated 
in seconds, and the impact of an exact picture remains fixed 
in the student's mind. These models are suitable for courses in: 


© PLANE GEOMETRY THEY HAVE THESE 

© SOLID GEOMETRY OUTSTANDING ADVANTAGES: 
© DESCRIPTIVE GEOMETRY @ CLEAR PLASTIC 

@ MECHANICS @ LIGHT WEIGHT 

@ MECHANICAL DRAWING © CONVENIENT SIZE 
@ INDUSTRIAL DESIGN @ MODERATE COST 


@ SINGLE UNITS OR SETS 


The clear plastic models permit the instructor to show the student 
where diagonals intersect INSIDE the bodies. The moving models in 
mechanics show the student what happens when gears mesh; the 
block type models permit the building of figures; the sets show the 
sections made by the intersections of cones and other solid figures 
by planes and by each other. Hundreds of models are available for 
almost every conceivable application. 


MODEL 132: Plane section 
of a right circular cylinder 
(ellipse). 


SPECIAL DISCOUNT SCHEDULE FOR SCHOOLS, COLLEGES AND UNIVERSITIES 


Please mention THE MATHEMATICS TEACHER when answering advertisements 
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The faets about “Bargain” slide rules 


by ROBERT JONES, Manager of Educational Sales, Frederick Post Company 


Teaching suggestion: Many math and engineering instructors find this scaled-up model of the 


POST Student Slide Rule an efficient teaching aid 


Unless your students know what to look 
for in a slide rule, they will be tempted by 
“bargain” sales messages to buy one of the 
“less expensive rules’’ retailing for 75c to 
$1.25. Here are the short-comings that are 
certain to show up in these so-called “‘spe- 
cials”’. 
@ Markings. The printed scales on 
cheap slide rules are frequently inac- 
curate and always temporary. After 
short periods of use the graduations 
and numbers fade or rub off and the 
painted or varnished base wood wears 
rapidly. 
@ Materials. Because they’re made of 
low cost materials, bargain slide rules 
often warp as a result of climate 
changes, the readings become unde- 
pendable. Slides either stick or become 
loose. Cursors do not operate properly. 
A “bargain”’ like this is no bargain at all. 
You'll be doing a real service for your 
students if you call their attention to the 
Posr Student Slide Rule. This 10” Mann- 
heim-type rule features “‘engine-divided”’ 
scales like those on expensive professional 
rules. Each graduation is cut into the white 
celluloid face so it’s a permanent part of 
the rule. Scales retain their legibility and 
accuracy for a lifetime of use. 


Laminated bamboo construction 


Like all Post rules, the Student Slide Rule 
is made of properly seasoned, laminated 
bamboo. It cannot warp or shrink, is never 


affected by humidity changes or atmos- 
pheric conditions. 

The cursor is framed in metal for dur- 
ability, and a tension spring maintains the 
vertical position of the hairline. Either with 
a cardboard slip cap case at the school 
price of $2.81 or in a durable black fabri- 
cord case at $3.75 ea. The easy-to-under- 
stand instruction book often serves as a 
classroom text. Post 1447 Student Slide 
Rule will serve the student dependably 
throughout his school years and on through 
his adult life. 


90-Day Free Trial Offer 


To prove to you what a sound investment 
the Post Student Slide Rule is for your 
students, we will supply you with one free. 
We’re certain that after you’ve examined 
it and used it for three months you’ll be 
glad to recommend its use in your class- 
room. 

Send your slide rule order direct to me 
at: Educational Sales Division, Frederick 
Post Company, 3650 North Avondale Ave- 
nue, Chicago 18, Illinois. Also tell us if you 
would like to know about the new class- 
room Slide Rule Demonstrator. 


Please mention THe MatHematics TEACHER when answering advertisements 
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Meets the challenge of today's world 


The New Second Edition of the 
Row-Peterson ALGEBRA PROGRAM 


Algebra | and Algebra Il 1960 Copyright 


Yes, here is a program that places heavy emphasis on showing the challenge of 
algebra in our modern world and in motivating students to meet that challenge 
through concentrated study and practice. It prepares them for tomorrow with a 
thorough, systematic, and intensive coverage of all the principles and processes of 
algebra. Specially prepared test booklets consist of 32 tests for each grade. Teach- 
er’s Edition contains answers to all tests, plus detailed solutions of textbook 
problems. 


Row, Peterson and Company 


Evanston, Illinois Elmsford, New York 


TRIGONOMETRY 
by Rees and Rees 


analytical avd numerical 


In this new text, chapters on analytical and 
numberical work are alternated insofar as it is 
practical so that students will not be bogged 
down in long stretches of analytical work. In 
clear, concise language, Rees and Rees enable 
high school students to understand and to use 
the methods of trigonometry with ease. They 
provide worked-out examples which pave the 
way for the exercises to come; they discuss 
significant figures, and supply answers worked 
out in terms of the discussion. Problems are 
presented in groups of four of about the same 
difficulty. 


PRENTICE-HALL, INC. 


Educational Book Division 
Englewood Cliffs, New Jersey 


General 

Mathematics 
BASIC 
GENERAL 
MATHEMATICS 


by Joseph, Keiffer, Mayor 


emphasizes basic skills 


Basic General Mathematics is a practical and 
inviting study of the concepts and skills that 
the student might not have assimilated in the 
lower grades. The text is written in a conver- 
sational style and encourages pupils to use 
experiences of their own, or within their un- 
derstanding, to help them increase their facility 
in abstracting and operating with numbers. It 
is not filled with useless abstract exercises, but 
teaches the use of mathematical ideas and skills 
in well-defined situations. Throughout the book 
primary emphasis is placed on the student's 
understanding of the basic skills in mathe- 


PRENTICE-HALL, INC. 


Educational Book Division 
Englewood Cliffs, New Jersey 


Please mention THE MatHematics TEACHER when answering advertisements 
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Model N4ES Vector Type 
Log Log Dual Base Speed Rule 


The National Defense Education 
Act Offers to Pay HALF the Cost 
of Materials for Scientific Studies 


—Including Slide Rules 
and Demonstration Rule Teaching Aids. 


Thanks to far sighted government planning, your students can 
now use All-Metal slide rules that are guaranteed for life. And 
the cost to you is less than that of an ordinary rule! You may 
also own a giant 4-foot demonstration slide rule as shown 
above at half the usual cost (or FREE to qualifying schools). 
And your students will long know the advantages of learning 
with the world’s finest and most advanced instruments. See 
your school supplier or mail coupon below for full particulars. 


Pickett All-Metal Slide Rules Feature: 

¢ A model for every course and profession 

e Eye-Saver yellow or white color 

Slider tension springs Please send me full 

e Functional scale groupings C0 FREE Demonstration Wall Rule, Instruction 
e Registered lifetime guarantee Manuals and Teaching Outline 


0 NDEA Financial Aid 0) “Pool” Buying Practices 
0 Catalog 
NAME 


ADDRESS 


SLI D R U LES CITY 
All-American Made 


Please mention THE MATHEMATICS TEACHER when answering advertisements 
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Wily BOOKS 


Provides an introduction to the fundamental concepts 
and basic techniques of modern mathematical thinking 


BASIC CONCEPTS of ELEMENTARY 
MATHEMATICS 


By William L. Schaaf, Brooklyn College 


This book introduces the reader to the underlying concepts and fundamental ideas 
of modern mathematics. The author's view is that an acquaintance with these ideas 
and concepts together with an appreciation of the deductive nature of mathematical 
thought is the key to a proper understanding and the effective teaching of the subject. 
Written in an informal yet forthright style, the book discusses such topics as: the 
nature of number and enumeration, theological structure of arithmetic, the number 
system of arithmetic and algebra, informal and formal geometry, computation, meas- 
urement, functional relations, and certain concepts of statistics and probability. A 
total of 650 examples, problems, and questions are included along with a generous 
amount of references for further reading and study. 


Send for an examination copy. 


1960. Approx. 320 pages. Illus. Prob. $4.95. 


JOHN WILEY & SONS, Inc. 
440 Park Avenue South New York 16, N.Y. 


THREE VERY INTERESTING AND INTRIGUING TEXTS. ERICKSON, GRAD- 
UATE ENGINEER with 25 years of teaching at all levels, is author of an inte- 
grated math series: 1. ARITHMETIC, ALGEBRA, LOGARITHMS & SLIDE RULE. 
2. LITERAL NUMBERS, EQUATIONS & FUNCTIONS. 3. PROPORTIONS VARI- 
ATIONS, PROGRESSIONS, DETERMINANTS, ETC. Designed to stimulate 
more interest and knowledge in basic mathematics, displaying application of 
such useful knowledge. Excellent for future engineers, mathematicians, scientists, 
accountants, and future living. Prof. Rex Foster says, “. . . a good job of organiz- 
ing material presented in a way that should be easily understood.” Mr. Frank 
Derringer of the Milwaukee Marine National Bank, “My daughter who had great 
difficulty with high school math, increased her math grades one full letter grade 
higher while using your text as a separate home study course.” Priced $2 per 
copy, set of three is $5, and a plastic slide rule is $2. Profession discounts of 
20%. Increase of discounts for quantity purchases. Write UNIVERSITY CO-OP 
COMPANY. MADISON, WISCONSIN. 


Please mention THe MATHEMATICS TEACHER when answering advertisements 
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WESLEYAN UNIVERSITY 


GRADUATE SUMMER SCHOOL FOR TEACHERS 


ARE YOU HE WHO WOULD ASSUME A 
PLACE TO TEACH...HERE IN THE STATES? 
THE PLACE IS AUGUST, THE TERMS 

OBDURATE. 


WALT WHITMAN 


The following courses in mathematics will be offered: 


Applied Algebra 


Introduction to Vector Algebra 
Introduction to Probability and Statistical Inference 


Calculus 


Topics in Modern Algebra 


Topics in Geometry 


Mathematical Analysis 


Probability Theory 


These will be taught by Professors Robert 
A. Rosenbaum, W. Warwick Sawyer, Henry 
E, Kyburg and Ernest C. Schlesinger of the 
Wesleyan faculty, and by Visiting Professors 
George M. Garrison and Bernard Sohmer of 
The City College, New York, and Walter J. 
Klimezak of Trinity College, Hartford. 


The courses are designed especially for teach- 
ers, the classes are small (average enrollment: 
ten per section), the student is able to discuss, 
question, obtain individual attention. 


In addition to formal courses there will be 
daily, non-credit lecture-discussions on the 
teaching of mathematics (particularly the ‘‘new 
mathematics’), available without charge to any 
student enrolled for credit in at least one course 
in mathematics. The lecturer and discussion 


CLASSES JULY 7— 


leader will be Mr. Robert Pruitt, formerly 
chairman of the mathematics department, Niles 
Township High School, Skokie, Ill., now a 
candidate for the Ph.D. in mathematics at Ohio 
State University. 


The complete curriculum of the Summer 
School includes courses in art, astronomy, 
biology, chemistry, economics, geology, gov- 
ernment, history, literature, mathematics, 
music, philosophy, physics, psychology, re- 
ligion, and expressive writing. 


Students who wish to complete a coherent 
program for thirty hours of credit may become 
candidates for the degree of Master of Arts in 
Liberal Studies or for the Certificate of Ad- 
vanced Study. Candidates and non-candidates 
are equally welcome. 


AUGUST 16, 1960 


For further information please write to 
Math Major, Summer School, 
Box 39 Wesleyan Station, Middletown, Conn. 
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Very Teachable 


EVERYDAY 
GENERAL 
MATHEMATICS 
BOOK | 
REVISED 


Betz, Miller, 
Miller, Mitchell, 
Taylor 


ALGEBRA 
BOOK ONE 
And 
BOOK TWO 


REVISED 


Welchons 
Krickenberger 


Pearson 


High School Mathematics Texts 


Ginn and Company 


Please mention THe MatHEeMaATics TEACHER when answering advertisements 


Just published—This new edition of a sound course in high- 
school mathematics, rewritten to incorporate suggestions aris- 
ing from classroom use, equips the student with practical skills. 
Includes arithmetic, simple algebra, informal geometry, and 
elementary trigonometry. With striking new photographs, this 
book uses a color as a teaching aid in diagrams and text. 


Teachers’ Manual with Answers to Tests. 


For two-year course, follow with Betz, Miller, Miller, Mitchell, 


Taylor's—Everyday General Mathematics, Book Il. 


Book One, Elementary Course—a well-known and effective 
text that makes algebra understandable as well as attractive 
to students. Color and visual aids simplify teaching and learn- 
ing. Separate Achievement Tests; Teachers’ Manual with 


answers to tests in text and to Achievement Tests. 


Book Two—a complete second-year text, with thorough de- 


velopment of topics. Includes linear functions, brief chapter on 
statistics, functional relations, polar co-ordinates. Special atten- 
tion given to preparing students for physics and chemistry. 
Achievement Tests; Teachers’ Manual with answers to tests in 


text and to Achievement Tests. 


HOME OFFICE: BOSTON 
SALES OFFICES: NEW YORK 11 * CHICAGO 6 « ATLANTA 3 
DALLAS 1 * PALO ALTO « TORONTO 16 
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Eligible for purchase under provisions 
of the National Defense Act, 
TITLE 3 


EB1989 Rectangular—Polar Graph Chart 
(Reversible) 


(40 inch diameter outline; central angles of 
15° with 5° subdivisions; six 15° circles 
radiate from center or pole.) 


Teachers of algebra, geometry, trigonometry, navi- 
gation, astronomy, and other mathematics courses 
will welcome these time-saving, “chalkboard” 


graph charts. 


Coordinate lines are printed in yellow on durable 
green Texoprint (plastic-impregnated stock), 
forming permanent outlines for plotting graphs. 

EB198 Rectangular Graph Chart .............. Chalk marks can be easily erased. 


(1 inch squares, 5 spaces to the unit.) 


No. 00 No. 01 No. 02 
Wood Spring Spring Roller 
Moldings Roller Dustproof Cover 
EB198 Rectangular Graph Chart . . $15.00 $16.50 
EB199 Polar Graph Chart . . 15.00 16.50 
EB1989 Rectangular—Polar Graph Chart ..............++ 16.75 19.25 20.75 


All charts measure 52 x 44 inches. 
3333 ELSTON AVENUE 
Please mention THe MatHEeMaTiICcs TEACHER when answering advertisements 
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NEW IN ’59 


Written especially for 
the gifted student 


ALGEBRA 
ACCELERATED 
BOOK 


By E. JUSTIN HILLS and ESTELLE MAZZIOTTA 


ABOUT THE AUTHORS: 
E. JUSTIN HILLS, author of four other books on mathematics, has served on 


two California state mz athematics committees and two seminars at U.C.L.A. Ph.D., 
University of Southern California. Junior College and high school teacher since 1924. 


ESTELLE MAZZIOTTA, mathematics instructor, Los Angeles City College, 
Los Angeles City Schools, has authored many articles for Mathematics Magazine, 
now part of book, THE TREE OF MATHEMATICS. M. A., University of Cali- 
fornia at Los Angeles. 


To quicken and enrich, not abridge the process Fractional Exponents with positive integral ex- 
of learning, is the purpose of this outstanding new _— ponents, round out the work with radicals. Varia- 
text. Variations from traditional order of:begin- tion-Inverse, Direct and Joint—is covered in 
ning algebra texts are explained to assist the connection with proportion, fractional equations 
instructor in arranging the material to best suit and formulas. Statistical concepts—mean, median, 
his own preferences. Major concepts are “pre- mode, average and standard deviation are treated 
viewed” so that the instructor may prepare them in a chapter including statistical graphs. /nequali- 
easily for presentation. Reference materials for ties and Sets are introduced. 
teacher and student, suggestions for the instructor 
and a time schedule are included to provide the Many unusual features 
instructor with the best possible teaching aid for : , ’ 
practical articulation with more advanced mathe- Color is used throughout for emphasis and clarity. 
matics. Te A complete alphabetical glossary defines and 
The text objective i illustrates the terms used ay cont. Suggested 

The principal objective of ALGEBRA AC- references are also listed for both instructor and 
CELERATED BOOK 1 is to develop the ability student. This clearly illustrated 320 page text 
to write and solve linear and quadratic equations presents algebra as a new tool, a new concept, in 
which might reasonably result from problems an unprecedented fashion. 
comprehension. Instructor’s Key included. 

=D presents a concept o gebra ' 

as a scientific device for the expression of scien- Order Your Copy Today! $3.44 
tific laws and as a tool whose purpose is to aid in ALGEBRA ACCELERATED BOOK II is presently being 
the ‘solution of problems. written! 
The text plan... 


' 
d 


ALGEBRA ACCELERATED BOOK 1 cuts 1 CHAS. A. BENNETT CO., INC. ' 
a path through the jungle of operations and proc- ! 5319 Duroc Building, Peoria, Illinois : 
esses and develops the ability to write and solve ; Please send .... copy(s) of Algebra Accelerated 4 
equations. The introduction to linear equations is 1 Book 1. ‘ 
made immediately. Some topics are covered more ; 0 Please send complete catalog : 
fully than customary. The selection of material ; [ Billed on 30 day approval 1 
has been governed by the criteria, “if it doesn’t 1 $ losed Send C.0.D. ' 
help the student to write and solve algebraic equa- } * 
tions, assign it to Chapter 10!” H 
Topics new to beginning algebra : School Name ........ccccesccccccccescccscccescces ; 

The concept of slope is introduced in the graph- g School Adress: ....cccccccccvccccccecvccscecccoeces 1 
ing of straight lines (Chapter 4): Writing Equa- ' Street 


tions With Given Roots is included in the section : Zon 
on solving quadratics by factoring. Negative and 
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@ To promote interest in Mathematical outside activi- 
ties on the part of pupils, we are including an eight 
page section on Mathematics—on the importance of 
Mathematics to individuals and presenting learning aids— 
in our catalog which has a circulation of over a half a 
million so that the importance of Mathematics is brought 
to the attention of many people. 
Some of the learning and teaching aids we will offer are 
shown here. We expect to be a regular advertiser in your 
magazine. Watch our advertisements for new items. We 
will Ey appreciate it if you as a teacher will recom- 
mend us to pupils interested in learning aids, books, etc. 


D-STIX CONSTRUCTION KITS 


You can increase interest in geometry and teach 
it better by using D-Stix. Solid geometry is fun 
for pupils when you show them actual visualiza- 
tions of regular polyhedrons, geometric figures 
from triangles and cubes through such multiple 
sided figures as tcosahedrons, dodecahedrons, etc. 
230 pieces, 5, 6 and 8 sleeve connectors, 2”, 3”, 
4”, 5”, 6” and 8” colored D-Stix, 
Stock No. 70,209-DH ............$3.00 Postpaid 
including 5, 6 and 8 sleeve connectors, 2”, 3”, 4”, 5”, 


370 poms 
and a a Stix in colors. 
$5.00 Postpaid 


6”, 8”, 
Stock No. 70, 210 
452 pieces, parton all items in 70,210 above, plus long un- 
painted D-Stix for use in making your own designs. 

Stock No. 70,211-DH $7.00 Postpaid 


RUB-R-ART 


The use of this bg teaching al 

your your 8 

understandings of “the perimeter and area of 

plane figures. This aid is 10” x 10” plastic 
peg board on which geometric representations 

can be made with rubber ds. 

Stock No. 60,089-DH ........$1.00 Postpaid 


WOODEN SOLIDS PUZZLES 


Our sphere, cube, cylinder and octagonal prism 
wooden puzzles can be a big help in enriching your 
teaching of the volumes and lateral areas of solid 
figures. They are about 2” high. There are 12 puz- 
zies in a set, including animal figures, etc. Take 
time in your teaching to let your students try to re- 
assemble these solid puzzles, 

Stock No. 70,205-DH ............$3.00 Postpaid 


FOR YOUR CLASSROOM LIBRARY 
OR MATHEMATICS LABORATORY 
ABACUS 


Our Abacus !s just the thing for your 
gifted students to use in their enrich- 
ment units or for math clubs. It is our 
own design and is 9%” x 7%”. It is 
made of a beautiful walnut wood, with 
of 10 counters. Complete in- 

included with each 


Postpaid 


6 rows 
structions are 


Stock No. 70,201-DH . 


ABACUS KIT—-MAKE YOUR OWN! 


Making your own Abacus is « wonderful project for any math 

class, or math club, or as an enrichment unit. Our kit gives you 

60 counters, directions for making your own Abacus and direc- 

tlons for using our Abacus.—Makes one Abacus. 

Stock No. 60, ae DH --$ 1.30 Postpaid 

Stock No. 70,226-DH .--$17.50 Postpaid 

Gives you 1,000 counters and one set “of directions. Makes 16 

Abacuses. 

Stock No. 50,234-DH ............ Postpaid 

Gives you 100 brass rods for making Abacuses. Makes 16 Abacuses. 

INSTRUCTION BOOKLET 

Stock No. 9060-DH $ .25 ea. Postpaid 
2.00 Postpaid 


SLIDE RULE 


We sell a bargain 10” plastic slide rule, a $7.00 value, for $3.00. 
These are perfect for math clubs, for teacher use, or for students 
wanting to calculate more quickly and accurately. A 14-page in- 
struction booklet is given free with each rule. 
Stock No. 30,288-DH ..... $3.00 Postpaid 


ORDER BY STOCK NUMBER... 


EDMUND SCIENTIFIC CO. 


SEND CHECK OR MONEY ORDER... 


LEARNING 
AND TEACHING Al DS 
NEWEST TEACHING AID: 


TRIG AND CALCULUS CARDS 


Our newest items that we are offering are 4 
decks of Trig and Calculus Cards. These cards 
are & great asset to any math laboratory or 
math classroom, Now that more and more ad- 
vanced math is being taught in high schools 
throughout the country, these are just the math 
teaching and learning aid that can be used to 
clinch the learning of trig identities or calculus 
formulas. Each deck contains 52 playing cards, 
plus instructions, and is used to play a game 
similar to Solitaire. Our decks include Differen- 
tial Calculus, Integral Calculus, Applied Calculus, and Funda- 
mental Identities from Trig. 
Stock No. 40,310-DH—Applied Calculus ..........$1.25 Postpaid 
Stock No, 40,311-DH—Fundamental Identities ... 1.25 Postpaid 
Stock No. 40,312-DH—Integral Calculus ..........4.25 Postpaid 
Stock No. +» 1.25 Postpaid 
Stock No. 40,314-DH—Set of all four ............ 4.00 Postpaid 


RADIAN PROTRACTOR 


This excellent teaching and learning aid elim- 
inates the need to learn long tables of equiv- 
alences or buy expensive books of tables for 
translating degrees to radian. Saves time in 
computing linear and angular velocity, area 
of circular segments, etc. 


Stock No. 50,266-DH—Pkg. 100 $10 P Postpaid 


$45.00 Postpaid 


NEW, LOW-COST LAB PROJECTOR 
New way to teach chemistry, biology. Project 
on-the-spot experiments, on screen or wall, 
“ with magnification, actually as they progress. 
Important phases, reactions may be observed 
by student group in revealing size—perfect 
t vehicle for clear-cut instruction. Projector 
E comes with a 3-element 80mm focal length 
a f/3.5 anastigmat lens and a fast 28mm focal 
length, 4-element f/1.2 lens for microslide 
projection use. Also you get Prism Erecting 
system; special elevated slide and specimen 
projection stage; standard 35mm, 
slide carrier; 35mm strip film holder. Additional 
available—water cooled stage; polarizing filters, 
miniature test tubes and holders; gas absorption apparatus, elec- 
trolytic cells and many others. 
Stock No. 70,230-DH .......... steese 
POCKET SIZE—FAST— 
EASY TO USE! 
Be a Math Whiz! New Circular Slide 
Rule multiplies, divides, figures fractions, 
percentages, squares, cubes, roots, propor- 
tions, circumferences, areas, retail prices, 
fuel consumption. Eliminates the confusions 
- ordipary slide rules. Priced far lower. 
‘aster, easier to learn and use. c ‘onstructed 
of 2 aluminum discs with plastic 3%” . Direc- 
tions included. 
Stock No. 30,33 
FREE CATALOG—DH 
128 Pages! Over 1000 Bargains 
America’s No. 1 source of supply for low- 
cost Math and Science Teaching Aids, for 
experimenters, hobbyists. Complete line of 
Astronomical Telescope parts and assem- 
bled Telescopes. Also huge selection of 
lenses, prisms, war surplus optical instru- 
ments, parts and accessories. Telescopes, 
microscopes, satellite scopes, binoculars, in- 
frared snipericopes, etc. 
Request Catalog—DH 


SATISFACTION GUARANTEED! 


BARRINGTON, NEW JERSEY 
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Discovering SOLIDS 


A Series of Three Films 
Applying Mathematics Principles to Space Perception 


I. “VOLUMES OF CUBES, PRISMS, AND 
CYLINDERS” 


ll. “VOLUMES OF PYRAMIDS, CONES, 
AND SPHERES” 


| Ill. “SURFACE AREAS OF SOLIDS" 


ART ANIMATION and MODEL DEMONSTRATION 
help develop formulas for finding volumes and areas 
B of solids. LIVE FOOTAGE shows the use of these for- 

= mulas in practical situations, Carefully produced under 
Be the supervision of DR. E. H. C. HILDEBRANDT of 
Northwestern University's Department of Mathematics, 
these films meet the demands of the re-vitalized mathe- 
matics curriculum. 


Official U. S. Navy Photo 
sphere- satellite are obtaine 

vith the formula.  V=4/3 


PREVIEW PRINTS AVAILABLE 


Junior High—High School 
18 minutes 


Color ......$150.00 each 
B&W..... 75.00 each 


FILM PRODUCTIONS, INC. 


(DISTRIBUTION OFFICE) 
1821 University Ave. St. Poul 4, Minnesota 


THE GROWTH OF MATHEMATICAL IDEAS, 
GRADES K-12 


24th Yearbook of the 
National Council of Teachers of Mathematics 


Attempts to suggest how basic and sound mathematical ideas, whether modern or tradi- 
tional, can be made continuing themes in the development of mathematical under- 
standings. 

Defines and illustrates some classroom procedures which are important at all levels of 
instruction. 

Discusses and illustrates mathematical modes of thought. 


Gives suggestions to assist teachers and supervisors in applying the ideas of the book in 
their own situations. 
517 pp. $5.00 ($4.00 to members of the Council) 


Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention Tre MATHEMatics TEACHER when answering advertisements 
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Welch— 


CATALOG of 


Mathematics Equipment 
and Supplies 


REVISED 
EDITION 


Just off 
the press! 


—WRITE FOR YOUR COPY— 
| 48 PAGES 


The Schacht Devices Slide-rules——Calipers 
for Dynamic 
Geometry Models—Charts 


Drawing Instruments Projectors and 
and Kits Filmstrips 


and 


Many items of particular interest to the 


PROGRESSIVE MATHEMATICS TEACHER 
INCLUDING THE TRANSPARENT MATHEMATICS MODELS 


Serving the Schools for Over 70 Years 


W. M. WELCH 
| | 1515 Sedgwick Street, Chicago 10, Mlinois, U.S.A. 
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